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ABSTRACT: This work gives a manual for constructing superconformal field theories associ-
ated to a family of smooth K3 surfaces. A direct method is not known, but a combination
of orbifold techniques with a non-classical duality turns out to yield such models. A four
parameter family of superconformal field theories associated to certain quartic K3 surfaces
in CPP3 is obtained, four of whose complex structure parameters give the parameters within
superconformal field theory. Standard orbifold techniques are used to construct these mod-
els, so on the level of superconformal field theory they are already well understood.

All “very attractive” K3 surfaces belong to the family of quartics underlying these theo-
ries, that is all quartic hypersurfaces in CP3 with maximal Picard number whose defining
polynomial is given by the sum of two polynomials in two variables. A particular member
of the family is the (2)* Gepner model, such that these theories can be viewed as complex
structure deformations of (2)* in its geometric interpretation on the Fermat quartic.
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1. Introduction

Conformal field theory (CFT) should provide a natural link between mathematics and
physics: While mathematical definitions of CFT are available [[i]-fi], CFT has applications
both in statistical mechanics [}, [ and in string theory [Id-[J]. Superconformal field
theory (SCFT) can be viewed as a generalization of CFT which in many ways is better

behaved, not least since all consistent string theories yield superconformally invariant field



theories [[[4, [[J]. Nevertheless, the mutual interactions between the mathematics and the
physics of SCFT remain limited. On the one hand, those approaches which are fully
accepted in mathematics [[I6, [7F, fl, [i] do not succeed to embody all examples that are of
importance in string theory. On the other hand, string theory has not yet matured to the
status of a consistent theory in the mathematical sense of the word.

Geometric methods yield a promising vehicle to bridge this gap: In physics such meth-
ods have a good tradition, and they are built into string theory by construction. In math-
ematics, an area which enjoys great impact from SCFT is algebraic geometry, where e.g.
mirror symmetry tells its own well-known success story [[[§—P0]. To use geometric methods
in SCFT a precise understanding of the mechanisms by which SCFT enriches geometry is
desirable. The present work aims to make a contribution in that direction.

There are only very few examples where the encoding of geometry in SCFT is un-
derstood to a satisfactory degree. When restricting to SCFTs associated to Calabi-Yau
d-folds, as seems natural from a string theorist’s point of view,! then complex tori and their
orbifolds almost exhaust the list of such examples, to which the less conservative geometer
will wish to add lattice and WZW models along with their orbifolds and coset models. At
complex dimension d > 3 this still means that even the degree of our ignorance is hard to
gauge. On the other hand, at complex dimension d = 1 with solely the elliptic curve to
account for in the zoo of Calabi-Yau d-folds, the complete picture is understood.

The complex two-dimensional case resides at the borderline when accounting for igno-
rance: There are only two topological types of Calabi-Yau 2-folds, the complex two-torus
and the K3 surface. Both the moduli spaces of SCFTs associated to complex two-tori and
to K3 surfaces are known to a high degree of plausibility [R]-Rd]. For complex two-tori all
associated SCFTs can be constructed explicitly, and their location within the moduli space
along with the translation from geometric to SCFT data is well understood [4, RI|. Within
the 80-dimensional moduli space of SCFTs associated to K3 surfaces, only a finite number
of subvarieties of maximal dimension 16 is known in the sense that the corresponding SCFT's
can be constructed explicitly (by orbifold techniques RJ—R7 or as Gepner models [g, P9]),
and their location within the moduli space along with a translation between geometric and
SCFT data is available [BJ, BI]. No direct method is known for the construction of SCFTs
associated to smooth K3 surfaces. In this work I provide such a construction for a real four
parameter family of SCFTs associated to smooth quartic K3 surfaces. I combine orbifold
techniques with non-classical dualities thus not giving a new construction of SCFTs but
rather singling out a family of theories which now is well under control from both a super-
conformal field theorist’s and an algebraic geometer’s point of view: The relevant theories
are easy to construct as orbifolds and at the same time have a parametrization in terms
of algebraic equations describing the underlying quartic K3 surfaces. In fact, the latter
geometric interpretation yields all four real parameters as complex structure deformations,
while the complexified Kahler structure remains constant at a natural value.

The tools used here combine a detailed understanding of the moduli space of SCFT's
following Aspinwall and Morrison [R3] with orbifold techniques taken from the physics lit-

!Here and in the following I restrict my attention to unitary SCFTs in two dimensions.



erature and following Dixon, Harvey, Vafa, Witten [Rg, PG and Eguchi, Ooguri, Taormina,
Yang 7] as well as their mathematical predecessors, where particularly in the context of
K3 surfaces Nikulin’s work [BJ] is of importance. These joint forces have already led to
the appropriate description of all orbifold SCFTs obtained from toroidal models within the
moduli space [B0, Bl]], which the present work is built on. As a final ingredient Witten’s
results on the phase structure of the parameter space of supersymmetric gauge theories [BJ
comes to aid. The family of SCFTs studied in this work allows a description within each
of these settings.

SCFTs associated to Calabi-Yau 2-folds are comparatively tractable because they enjoy
extended N = (4,4) supersymmetry beyond the usual N = (2,2) supersymmetry required
for SCFTs associated to Calabi-Yau d-folds in general. Geometrically this corresponds to
the observation that all Calabi-Yau 2-folds are hyperkahler. Hence many of my techniques
will not generalize to higher dimensions. However, the main result as stated addresses
geometric interpretations of SCFTs on K3 surfaces that are equipped with a complex
structure, a Kahler class, and a B-field. I call these data a “refined geometric interpre-
tation” to distinguish them from the ordinary geometric interpretations of such theories
which amount to fixing a hyperkédhler structure, a volume, and a B-field. Additionally
specifying a complex structure within the data of such a theory? amounts to the choice of
an N = (2,2) subalgebra within the given N = (4,4) superconformal algebra (although
vice versa not every choice of an N = (2,2) superconformal algebra induces the choice of
a complex structure, as we shall see and as was already pointed out in [B4]). Viewed as
N = (2,2) SCFTs the main protagonist of this work, a four-parameter family of SCFTs
associated to a smooth family of quartic K3 surfaces, is understood to a degree which
should allow for applications that may very well generalize to higher dimensions.

Particularly because this family of SCFTs simultaneously allows a description in terms
of representation theory through its orbifold construction and in terms of algebraic geom-
etry in a way which is compatible with linear sigma model constructions, it yields a tailor
made testing ground for modern techniques in SCFT which so far have only been suc-
cessfully applied within one of these pictures or in simpler examples like toroidal SCFTs
or minimal models. Indeed, my main protagonist family of SCFTs can be viewed as a
complex structure deformation of the (2)* Gepner model in its geometric interpretation on
the Fermat quartic. As such it should lend itself to a study of D-branes combining orbifold
techniques as in [BY] with modern techniques from matrix factorization [B—[4], not only
for (2)* but for the entire four-parameter family of SCFTs which deforms (2)*. In terms
of more abstract approaches to SCFT it may also be interesting to study this family from
the viewpoint of the chiral de Rham complex [l —[7]: All relevant vertex algebras should
be accessible explicitly.

Concerning the title of this work let me briefly comment on “very attractive” K3

surfaces. Following Moore [, ], I call a K3 surface attractive iff it has maximal Picard
number. If an attractive K3 surface can be given as zero locus of a homogeneous polynomial

2Given a hyperkihler structure, for each compatible choice of complex structure up to normalization
there exists a unique compatible Kahler class.



of degree 4 in CP? which decomposes into a sum of two polynomials in two variables each,
then T call it “very attractive”. All “very attractive” K3 surfaces belong to the family
of quartics which I associate SCFTs to in this work, forming a dense subset. However,

not all of the theories associated to *

‘very attractive” K3 surfaces are rational. This work
originally arose from ideas concerning attractiveness in geometry and rationality in SCFT.
In particular, part of the results presented here were already announced in [p(], where
however I did not notice that the constructions sketched there for “very attractive” quartics
extend to a smooth family of SCFTs. There, also only three of now four real parameters
o, B, 3, v were explored. To reduce to the situation of [B(], set 5/ = 3 in the present work.
Finally, details and proofs were omitted in [5] which I now provide in full generality. In
fact, the present work aims to be essentially self-contained.

It is organized as follows.

As a warmup, section [ is devoted to SCFTs associated to Calabi-Yau 1-folds. The ma-
terial is well-established but is presented in a slightly more abstract form than is common,
to facilitate later reference in the higher dimensional case. I give a representation theoretic
definition of these theories and summarize their properties as SCFTs and in relation to the
geometry and the algebraic description of elliptic curves.

Section [ also begins with the presentation of known material concerning the moduli
space of SCFTs associated to Calabi-Yau 2-folds. Again I give a representation theoretic
definition of such theories, and I summarize the current state of knowledge concerning their
moduli space and its relation to geometric data. Particularly the notion of refined geometric
interpretations is discussed and compared to the generalized K3 structures of [F1], B4].
Moreover, two families of SCFTs are introduced, one associated to real four-tori and one
to K3 surfaces, yielding the main protagonists of this work. Both as a preparation for the
main result and as an example for the general techniques discussed before, two distinct
refined geometric interpretations are worked out for each of these families.

Section { is devoted to the formulation of the main result of this work and its discussion:
The family of SCFTs associated to K3 introduced previously allows a refined geometric
interpretation which associates it to a family of smooth quartic K3 surfaces, given in terms
of explicit algebraic equations. I provide a first step in the proof of this claim and motivate
it in terms of an extension of a construction by Inose [5J] to SCFTs: Inose’s results concern
complex structures of K3 surfaces only, while on the level of SCFTs we deal with pairs of
complex structures and complexified Kéhler structures. Motivated by this interpretation
of the main result on a purely geometric level I deduce properties of the natural Kéhler
class of our quartic K3 surfaces in CP3, which descends from the class of the Fubini-Study
metric on CP3: The induced Kihler class on a Zo-orbifold of such quartics is closely and
explicitly related to a Kahler class which is induced by a Kummer construction. This result
makes the underlying Kéhler-Einstein metrics directly accessible to numerical approaches
developed recently (B3] and may be interesting in its own right. I present a simple proof
which does not use results from SCFT.

The following section [ contains the remaining steps in the proof of the main result.
This largely amounts to understanding the particular model (2)* within the family of
SCFTs discussed here, along with its deformations.



I conclude with a discussion in section [, and four appendices contain details about
the geometry of elliptic curves, about minimal models, and about Gepner models, which
are used in the main text.

2. Warmup: SCFTs associated to Calabi-Yau 1-folds

Before turning to the main topic of this work, I discuss SCFTs associated to Calabi-
Yau 1-folds. There is only one topological type of Calabi-Yau 1-folds, namely the elliptic
curve, and SCFTs associated to elliptic curves are well understood: These theories allow
an abstract mathematical definition in terms of representation theory, all such theories
can be constructed explicitly, and their moduli space is known, including the translation
from conformal field theoretic into geometric data. The moduli space and the notion of
geometric interpretation for such theories bear some resemblance to the corresponding
notions for Calabi-Yau 2-folds, which play center stage in this work. For this reason and
also since SCFT's associated to elliptic curves are building blocks of the main protagonists
of this work it is worthwhile to describe these theories in some detail, even though the
material is standard and can be found in various textbooks, see also [F4].

Section P.1] is devoted to the mathematical definition of SCFTs on elliptic curves and
the description of these theories. While my definition is not completely standard, the
expert will notice that it yields precisely those theories known as toroidal SCFTs with
central charge ¢ = 3 = ¢ in the physics literature. My definition has the advantage that
it can be completely paralleled when it comes to defining SCFTs associated to Calabi-Yau
2-folds. Since some background knowledge in SCFT is assumed in this section, the non-
expert may choose to skip directly to section P.J and accept the claims made there as given
facts. That section is devoted to the discussion of the moduli space of SCFTs associated
to elliptic curves, including the notion or mirror symmetry and its cousins. In section R.3
an algebraic description for elliptic curves is introduced which is needed later and which
differs from the standard Weierstrafl form.

2.1 Definition and properties

I use the following definition for SCF'Ts associated to elliptic curves:

Definition 2.1
An N = (2,2) SCFT & with? central charges ¢ = ¢ = 3 is called TOROIDAL or ASSOCIATED
TO AN ELLIPTIC CURVE iff the following holds:

The pre-Hilbert space H of € decomposes into H = NS @ R, where the Neveu-Schwarz
sector NS and the Ramond sector R are isomorphic under the spectral flow. Moreover, in
NS all charges with respect to the u(1) currents J, J of the superconformal algebras on the
left and right are integral, where the standard normalization
c/3 — c/3

5 +O(1), J(Z)J (W) ~

J(z)J (w) ~ w2

m + 0O(1). (2.1)

15 used.

3Without further mention SCFTs in this work always refer to unitary CFTs in two dimensions.



This definition implies that every SCFT & associated to an elliptic curve contains the
operators of two-fold spectral flow as fermionic fields 1)+ on the left and EJF on the right, and
that both the holomorphic and the anti-holomorphic W-algebras contain a u(1)3 current
algebra: On each side there is one u(1) current .J, J belonging to the superconformal
algebra, and two further purely bosonic currents, the superpartners ji, 7. of the 14, ¥.
It is not hard to see that ¢, 1, give an ordinary Dirac fermion, and* J = ixp_1),:.
Moreover, £ is a tensor product of a bosonic toroidal CFT at ¢ = ¢ = 2 (most conveniently
defined as CFT with central charges ¢ = ¢ = 2 such that both holomorphic and anti-
holomorphic W-algebras contain a 1(1)? current algebra) with the fermionic theory at ¢ =
¢ = 1 given by the Dirac fermion. We denote the real and imaginary parts of v/2j+, V27,
by j1, 42, J1,J2, normalized such that

. . Okt e Okt
Jk(2)gi(w) ~ o w)? +0(@1),  REnw)~ Gow) + O(1). (22)
The left-handed Virasoro field of £ hence is
1 1 . 1 1
T= 5ty ity 0Py +5 OP_1hy:. (2.3)

A toroidal theory £ with central charges ¢ = ¢ = 3 is uniquely determined by its charge
lattice I' € R??2 with respect to (j1, jo;7;,75). Here R? carries the standard Euclidean

scalar product, and
for (p;p), (b;7) € R*? with p, p, 9,0 €R?, (i) (W;F)=p-» D7

Each (p;p) € I' labels a vertex operator of charge (p;p) with respect to (j1, 72;71,72),
2 =2

which by (R.3) has conformal weights (&, &-). These vertex operators create the ground

states with respect to the generic W-algebras of toroidal SCF'Ts, which are generated by

the superconformal algebras together with the u(1) currents ji, 7,. The total partition

function of such a theory and its Neveu-Schwarz part are given by

1

+ (—1)F> y"°§"°qL°§§L0§]
2

—_

Z(1',2) = try B <

pZ_DP° 4 / 2
_ qzqz ) lz 01(7— 72) (_1)F eiW(Jo—jo)
(pp)€l n(r* 2] () @4
P> _p 2
_ _ 9 (7
Zns(r',2) = trxs {y‘]"?‘”’q“_%qm_%} =y 3(7;2) :
waer 17| (1)

where 7/ € H = {(€C|3(¢) >0}, 2 € C, q = e2mi™ = €2™% p and 9; denote the
Dedekind eta and the Jacobi theta functions, and Jy, Jo, Lo, Lo the respective zero modes
of u(1) currents and the Virasoro fields in the superconformal algebra.

“Here and in the following, statements made for holomorphic (left-handed) fields hold analogously for
anti-holomorphic (right-handed) fields, though I will not always mention this explicitly.



For toroidal theories associated to elliptic curves the charge lattice I' can always be
expressed in terms of two moduli 7, p € H as follows:

2 2
., = {% (A" = BA+ X\ 0" — BA— )\)‘ A= ;mk)\};, A= ;nk)\k, N, My € Z} )
_ S S (R(r)
A= 3(7) <o> A= 3(7) <3(7)>’

1 (0 R(p)

M= W(—%(ﬂ)’ i JW@ P=50) (2 _01> '

(2.5)

2.2 Moduli space and dualities

Since by the above every SCFT & associated to an elliptic curve is uniquely determined by
its charge lattice I'; ,, which in turn can be given in terms of a pair 7, p € H, a parameter
space of all such theories is H x H. In fact, inspection of I'; , in (R.H) shows (see [R1])

Proposition 2.2
The moduli space of SCFTs associated to elliptic curves according to Definition .J] is

MEZ(PSLZ(Z)\H x PSLQ(Z)\H> /72,

where every pair T, p € H determines the unique such theory with charge lattice I'; , given
in R.5), PSLa(Z) acts by Mébius transforms on H, and Z3 is generated by U(r, p) := (p,T)
and V(1,p) :== (-7, —p).

Though U, V' induce non-trivial actions on I'; ,, these agree with the actions induced by
reparametrizations (j1, j2;71,72) = (J1, J2; —J1,72) and (j1, j2;71,72) = (=31, J2; =715 J2)s
yielding the associated SCFT's equivalent.

Traditionally, the parameter 7 € H of a SCFT & associated to an elliptic curve with
charge lattice I'; , is interpreted as the PERIOD of an elliptic curve E; fixing its complex
structure, while p € H determines a COMPLEXIFIED KAHLER structure on E.: (p) >
0 gives the volume of E,, thereby specifying a Kihler structure because H%!(E,,C) N
H?*(E;,R) = H*(E;,R) = R and in accord with det (A, \2) = S(p) from (R.§), while
R(p) specifies the so-called B-field B = R(p) - \i A N3 € H?(E,,R) = R. This justifies
the terminology in Definition R.1|, and the pair (7, p) € H x H specifying a toroidal SCFT
is referred to as GEOMETRIC INTERPRETATION of the theory. Note that U(r,p) = (p, )
exchanges complex and complexified Kahler structures of a given geometric interpretation
and thus yields the simplest form of MIRROR SYMMETRY, while V(7,p) = (-7, —p) is
induced by an orientation change of the “target space” FE..

2.3 An algebraic description

Instead of characterizing an elliptic curve E. by its period 7 € H it is often more desirable
to work with explicit equations. The standard description gives an elliptic curve (with
inflection point) in CP? in terms of its Weierstrafl form

with a, b € C: vt = 23 — 27axt® — 54bt3  for  (z,y,t) € CP2 (2.6)



-1 0 1
Figure 1: Fundamental domain for x € C in y{ + 2ky3y2 + v3.

The non-degenerate elliptic curves, which I shall restrict to in the following, are the ones
which obey a? # b?. The period 7 € H of (B-6)) is obtained by means of the j-function
j:H — C, the unique modular invariant biholomorphic function with ¢g-expansion

J(7) = q ' + 744 +196884q + - -+, q:= €.
For the curve (P.6) with period 7 € H one has

4 1728a3
J(r) = a3 _ b2

Both for the function j and its inverse rapidly convergent algorithms are available, see
e.g. [pH, section VI.9].

In the application below, the elliptic curves are given in weighted projective space,

Er: yp=f(y,y2) in CPyy,

with f a non-degenerate homogeneous polynomial of degree 4, i.e. such that no two roots
of f agree. To arrive from the standard form (R.f) at such a description one maps the four
two-torsion points to the four solutions (0,y1,y2) € CP2 11 of f(y1,y2) = 0. Without loss
of generality f has the form

fly,y2) = yi + 269393 + 93, k€ C with (k) >0,k + 1| <2, (2.7)

where k ~ =R if [k +1| =2, k ~ —k if K € R, and kK = %1 gives a degenerate elliptic curve.
See figure [i] to picture the fundamental domain for &, and see [A] for details. Altogether the
maps k = k(7) and 7 = 7(x) which relate the algebraic description (R.7) of elliptic curves
in CPy 1,1 to their periods 7 € H amount to combining the j-function or its inverse with
solving algebraic equations. Hence k = k(1) and 7 = 7(k) can be determined numerically.
In some cases the result is known explicitly, e.g.

T=ieH — Ey,: ve =yl +vy; in CPy 1.1, (2.8)

see also [A].



3. SCFTs associated to Calabi-Yau 2-folds

In this section I set the stage for the formulation of the main Result of this work.
Namely, I discuss SCFTs associated to Calabi-Yau 2-folds. These theories are defined
purely within representation theory, paralleling Definition P.1] of SCFTs associated to el-
liptic curves. This definition is given in section B.] along with the discussion of the moduli
space of SCFTs associated to Calabi-Yau 2-folds and their (refined) geometric interpreta-
tions, essentially summarizing the results of [2J]. Section B.J is devoted to the introduction
of the two families of SCFTs associated to Calabi-Yau 2-folds which feature in the main
Result [} One real four-parameter family of SCFTs associated to real four-tori and one
associated to K3 surfaces, where the latter is obtained from the former by an orbifold
construction. For later convenience a pair of “dual” refined geometric interpretations for
each member of both families is provided.

3.1 Definition and moduli space

To formally define SCFTs associated to Calabi-Yau 2-folds one can straightforwardly par-
allel Definition P.1]

Definition 3.1
An N = (4,4) SCFT® C with central charges ¢ = ¢ = 6 is called ASSOCIATED TO A
CALABI-YAU 2-FOLD iff the following holds:

The pre-Hilbert space H of C decomposes into H = NS @ R, where the Neveu-Schwarz
sector NS and the Ramond sector R are isomorphic under the spectral flow. Moreover, in
NS all charges with respect to the u(1) currents of the superconformal algebras on the left
and right with standard normalizations (R.1]) are integral.

Every N = (2,2) SCFT with central charges ¢ = ¢ = 6 which obeys the additional as-
sumptions on the spectral flow and the (1) charges of Definition B.] automatically enjoys
N = (4,4) supersymmetry of the type assumed in the definition, see e.g. [R7: The as-
sumptions ensure that the operators of two-fold left and right handed spectral flows are
operators of these SCFTs; one checks that at central charges ¢ = ¢ = 6 these operators
furnish additional currents which enhance the left and the right u(1) subalgebras of the
N = (2,2) superconformal algebra to an su(2) at level 1 each, thus enhancing N = (2,2)
supersymmetry to N = (4,4). I nevertheless include N = (4,4) supersymmetry in the
assumptions of Definition B.T], because these theories shall be viewed as N = (4,4) SCFTs
without an a priori choice of an N = (2,2) subalgebra of the N = (4,4) superconformal
algebra. The condition on u(1) charges makes sense without such a choice, because all
Cartan tori u(1) C su(2) are conjugate such that the spectrum of u(1) charges does not
depend on such a choice.

While definitions analogous to P.1] and B.] make sense at central charges ¢ = ¢ = 3D
for arbitrary D € N, the cases D € {1,2} are special in that for them the moduli spaces of
SCFTs associated to Calabi-Yau D-folds are known and are expected to decompose into a

SThere are various extended N = 4 superconformal algebras, see [@]7 the one needed here is the one
which contains a single su(2) Kac-Moody algebra at level 1.



finite number of connected components. For D = 1 we have seen this in section [, while
for D = 2 the statement is closely linked to

Lemma 3.2
If C is a SCFT associated to a Calabi-Yau 2-fold according to Definition B.1], consider its
CONFORMAL FIELD THEORETIC ELLIPTIC GENUS

(7, 2) =t [ (1) yPglomigho | (—)F = e,

with ™ e H, 2 € C, q = 62“”/, y = €>™% R denoting the Ramond sector as in Definition
B, and Jo, Jo, Lo, Lo the respective zero modes of u(1) currents and the Virasoro fields
in the superconformal algebra. Then either Z(t',2) =0 or

2
|

+93(7, 2) - 93(7,0) - 93(,0) + 93(7, 2) - 93(,0) - ¥3(7,0)) ,

19%(7", z)- 19%(7", 0) - 19?1(7', 0)

where 1, ¥; denote the Dedekind eta and the Jacobi theta functions. In other words, the
conformal field theoretic elliptic genus Z agrees with the geometric elliptic genus of a com-

plex two-torus or a K3 surface, i.e. of one of the two topologically distinct Calabi-Yau
2-folds.

A proof of this Lemma follows from the modular properties of the conformal field theoretic
elliptic genus, which for SCFTs associated to Calabi-Yau 2-folds is a theta function of de-
gree n = 2 and characteristic (0,0; —4min, —27it). The proof can be found in [f7] and also
in [f§]. Lemma B.9 allows us to formally assign the label “torus” or “K3” to each SCFT
associated to a Calabi-Yau 2-fold by means of the conformal field theoretic elliptic genus:

Definition 3.3

A SCFT associated to a Calabi- Yau 2-fold is said to be a SCFT ON A REAL FOUR-TORUS
iff its conformal field theoretic elliptic genus vanishes. Otherwise, it is said to be a SCFT
ON A K3 SURFACE.

While using [4, RI] one can show that the SCFTs associated to real four-tori form a
connected component of the moduli space of all SCFTs associated to Calabi-Yau 2-folds,
a proof of the analogous statement for SCFTs associated to K3 is not known. In physics,
one largely works under the assumption that indeed the space of SCFTs associated to
Calabi-Yau 2-folds has only two connected components, and no counter example to this
assumption is known. Below I will solely work with smooth families of such SCFTs such
that the possible existence of further components of the moduli space is not relevant to the
present work.

Essentially due to the extended N = (4,4) supersymmetry of SCFTs associated to
Calabi-Yau 2-folds it is possible to determine the form of each connected component of
their moduli space explicitly. Here I restrict myself to stating the result; for more details

see e.g. [24, P1, P2, £, B3, b3, Bd, B1]:

,10,



Theorem 3.4 [@, @, @, @, @, ]

Every connected component of the moduli space of SCFTs associated to Calabi-Yau 2-folds
is either of the form MY = MO or ME3 = M6 withb

MO =01 (4,44 6;Z)\OF (4,4 + 6;R)/SO(4) x O(4 + ), § € {0,16}.

There is only one connected component of the moduli space of type M° and at least one
such component of type M. Here, M6 includes points where the SCFT description is
expected to break down. Namely, points x in the Grassmannian M? of positive definite
oriented four-planes in R%*+9,

M? = Ot (4,4 + 6;R)/SO(4) x O(4 + §),

are described by their relative position with respect to the (unique) even unimodular lattice
2440 ¢ R4 Then © € ME3 is expected to correspond to an ill-defined SCFT iff
zt C RYH9 contains roots, i.e. iff there exists an e € x- N Z450 with (e, e) = —2.

Apart from the vocabulary — using Calabi-Yau 2-folds, real four-tori, and K3 surfaces —
the discussion, so far, has not made a connection to geometry. However, Theorem B.4 is in
accord with the expectation from string theory that every SCFT associated to a Calabi-Yau
2-fold should allow for a non-linear sigma model description on some Calabi-Yau 2-fold.
Indeed, M and M&3 agree with the moduli spaces of N = (4,4) superconformal non-
linear sigma models on real four-tori and K3 surfaces, respectively, and thanks to the high
amount of supersymmetry the geometry of these moduli spaces is not expected to receive
quantum corrections. The key to understanding this agreement can be found in [RJ], and
it amounts to the observation that the Grassmannians in Theorem B.4 can be modelled on
the even cohomology of the respective Calabi-Yau 2-folds:

Heven(yv’ R) o~ R4’4+6 for YV — { A, a real four—torus, 6=0,

X, a K3 surface, 0 = 16.

Here and in the following A, X, Y denote the diffeomorphism types of the respective Calabi-
Yau 2-folds as real four-manifolds, with all additional structure to be introduced later.
Moreover, on cohomology we use the natural scalar product (-, -) induced by the intersection
form:

Va,8€ H(Y,R) : <a,ﬁ>:/ya/\ﬁ.

With this key in hands one can interpret the identification of the spaces M? of Theorem B4
with spaces of superconformal non-linear sigma model data on Calabi-Yau 2-folds as a
generalization of the following Torelli theorem for Calabi-Yau 2-folds:

Theorem 3.5 *@]

Complez structures on a Calabi-Yau 2-fold Y are in 1:1 correspondence with positive def-
inite oriented two-planes Q C H?(Y,R) = R33+0 with § = 0 for a real four-torus Y = A

SFor M, a mathematical proof is not known which excludes the possibility that the actual moduli
space is a quotient of the one given here. However, as argued in [@], any such non-trivial quotient carries
a non-Hausdorff topology, in contradiction to expectations from physics.
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and § =16 for a K3 surface Y = X.

Any orthonormal basis of a positive definite oriented two-plane Q@ C H?(Y,R) can be
interpreted as giving the real and the imaginary part of a holomorphic volume form
QeH 20(y, C), thus explaining how € can encode a complex structure. In other words,
Q®C C H?(Y,C) is the orthogonal complement of the kernel of the period map. Any two-
plane Q@ C H?(Y,R) is specified by its relative position with respect to the even unimod-
ular lattice H?(Y,Z) C H?(Y,R). Appropriately decomposing the four-planes featuring
Theorem B.4 into pairs of perpendicular two-planes now yields so-called refined geometric
interpretations for them:

Definition 3.6

Given a Calabi-Yau 2-fold Y, let x C HV*"(Y,R) denote a positive definite oriented four-
plane which according to Theorem B.4 specifies a SCFT on Y. A REFINED GEOMETRIC
INTERPRETATION of this SCFT is a choice of null vectors v°, v € H®*"(Y,Z) along with
a decomposition of x into two perpendicular oriented two-planes, x = Q0 1 U, such that

(1) (%% = (v,v) =0, % v)=1, and (2) QL% .

Following [, a refined geometric interpretation of a SCFT z on Y indeed assigns geometric
data to z, in fact precisely the data needed to specify a superconformal non-linear sigma
model on the complex Calabi-Yau 2-fold Y:

Lemma/Definition 3.7

For a Calabi-Yau 2-fold Y, let v C HV"(Y,R) denote a positive definite oriented four-plane
with refined geometric interpretation v°, v € H™(Y,Z), x = Q L U as in Definition B.q.
Then v°, v are naturally interpreted as generators of H*(Y,Z) and H*(Y,Z), respectively,
and one finds w, B € H¥*(Y,R) and V € R such that

1
U = spang <w —(w,Bv, &=1v"+B+ <V — §<B,B>> U>
with w, B € H*(Y,R) := H*(Y,R)n (") n(v)*t, VeRT, (w,w)eRT.

While for every refined geometric interpretation B and V' are uniquely defined, w is unique
only up to scaling. This allows to read from a refined geometric interpretation the data
(Q,w,V, B) with natural interpretations in terms of a complex structure Q on'Y, a Kdihler
class w on'Y up to scaling, a volume V € RY, and a B-field B € H*(Y,R).

By abuse of language I also call the data (2, w,V,B) a REFINED GEOMETRIC INTER-
PRETATION of a given SCFT x € M®. U or equivalently the data (w,V, B) will be referred
to as COMPLEXIFIED KAHLER STRUCTURE, and the class of w will be called NORMALIZED
KAHLER CLASS.

The statement of the Lemma is a consequence of the Torelli Theorem B.5 together with a
bit of linear algebra using (w — (w, B)v, &) = 0 and (£4,&4) = 2V. For toroidal SCFTs one
checks by direct calculation that the map from non-linear sigma model data (Q,w,V, B)

- 12 —



to M encoded in Lemma/Definition .7 preserves the respective natural metrics, given
by the Zamolodchikov metric on M, In [BF the same is claimed for M3,

Recall the comments made after Definition B.1] concerning N = (4,4) versus N = (2,2)
supersymmetry for SCFTs associated to Calabi-Yau 2-folds Y. According to Theorem B.4
every positive definite oriented four-plane x C H®V"(Y,R) specifies an N = (4,4) SCFT
with central charges ¢ = ¢ = 6 without particular choice of an N = (2,2) subalgebra in
the N = (4,4) superconformal algebra. There is an S?/Zy of such subalgebras both on
the left and on the right, specified by the choice of an unoriented Cartan torus u(l) C
su(2) within the N = 4 superconformal algebra on each side. For later convenience, see
(B.1), my conventions differ from [R3, B4] in that I do not impose an orientation on u(1),
hence the division of S? by Zs. The connected components of the space of all N = (2,2)
superconformal field theories associated to Calabi-Yau 2-folds then fiber over our spaces
MO with fibers S? x S?/73.

In [B0, section 1] we have given an interpretation of the four-plane x in terms of the
action of the su(2) @ su(2) = so(4) subalgebra of the N = (4,4) superconformal algebra on
the space of massless fields in the respective SCFT. Since

0%(2,2;Z)\07(2,2;R)/SO(2) x O(2) = (PSLy(Z)\H x PSLy(Z)\H) /Z3, (3.1)

from this discussion one finds that the choice of an N = (2,2) subalgebra in the N =
(4,4) superconformal algebra amounts to a choice of decomposition z = Q L U of =
into two perpendicular two-planes, up to a choice of their ordering and their individual
orientations. In other words, generators of Z2 in (B.I) act by interchanging 2 and U and
by simultaneously reversing their orientations, respectively. A decomposition £ = Q 1 O
into oriented two-planes with choice of ordering amounts to a choice of an N = (2,2)
subalgebra of the N = (4,4) superconformal algebra together with generators of its u(1) @
u(1) subalgebra. In [B4] the resulting ordered pairs (2,U) are called GENERALIZED K3
STRUCTURES, and the picture from [P3] drawn above is confirmed and identified with
Hitchin’s notion of generalized Calabi-Yau manifolds [FI] in the case of Calabi-Yau 2-folds.

When working with a fixed grading H¢"*"(Y,R) = H(Y,R) © H?(Y,R) @ H*(Y,R)
which amounts to the choice of two null vectors v°, v € He**(Y,Z) as generators of
H°(Y,7Z) and H*(Y,Z) as in Definition B.6 and subject to condition (1) in that definition,
then not every ordered pair (£2,U) of perpendicular oriented positive definite two-planes
in HeV*"(Y,R) gives a refined geometric interpretation in terms of the data of a confor-
mal non-linear sigma model: Condition (2) of Definition B.f which ensures Q C H?(Y,R)
is crucial to that effect. In particular, as observed in [B4], one could say that not every
N = (2,2) SCFT associated to a Calabi-Yau 2-fold arises from a conformal non-linear
sigma model construction on a (complex) Calabi-Yau 2-fold like this. However, if we tem-
porarily assume that there is just one connected component of type MX3 in the moduli
space of N = (4,4) SCFTs associated to Calabi-Yau 2-folds, then each N = (4,4) SCFT
arises from a non-linear sigma model construction: The relevant geometric data only in-
volve the choice of a hyperkahler structure, a volume, and a B-field, not the explicit choice
of a complex structure. This serves as justification for my Definition B.1 which insists on
extended N = (4,4) supersymmetry. Huybrechts’ observation amounts to the fact that in
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such a non-linear sigma model construction, not every choice of N = (2,2) subalgebra can
be interpreted as the choice of a complex structure on the Calabi-Yau 2-fold. However,
given z = Q 1 U, pairs v°, v € H®*"(Y,Z) with (1) and (2) in Definition B.q can always
be found. In other words, as long as the grading of H*V*"(Y,R) is not fixed a priori, indeed
every pair (€2, 0) specifying an N = (2,2) SCFT can be interpreted in terms of non-linear
sigma model data.

3.2 The main protagonists

Recall the definition of SCFTs associated to elliptic curves, Definition R.1. One finds that
the (fermionic) tensor product of any two such theories is a SCFT associated to a real four-
torus according to Definition B.J. Moreover, all known geometric orbifold constructions of
K3 surfaces from real four-tori can be extended to constructions in SCF'T, producing
SCFTs associated to K3 as orbifolds of SCFTs associated to four-tori, see e.g. 7). As
main protagonists of the present work I introduce two families of SCFTs associated to
Calabi-Yau 2-folds in this section. The first, denoted 7, g 3 -, is associated to a family
of real four-tori, and each theory is obtained as a tensor product of theories associated to
elliptic curves. The second, denoted C, g 5 5, is associated to a family of K3 surfaces, and
each theory is obtained as an orbifold of the corresponding 7, g g -

Definition 3.8
Denote by 1, 5,3, with
a,B,8,veR suchthat «,y>0 and A:=p3>—4ay<0
the (fermionic) tensor product of the two SCFTs associated to elliptic curves with moduli

(Tk» pr) given by

B+ VA
N 200

_—#+VA

T =Ty =1, p1 5

P2

By the discussion in section P.3 the factor theories of 7, g g, are SCFTs on elliptic curves
with square fundamental cells (71 = 75 = i), with radii Ry, Ry such that R? = %, R3 =
\/?, and with B-fields given by the —% and the —%/—fold of a generator of H?(E,,,Z),
respectively. Hence 7, g 3 - is a toroidal SCFT with refined geometric interpretation on a

real four-torus A, g with the flat metric and complex and Kéhler structure induced by

AVETAN AVETAN
AayﬁfY - R4/Aa7:8777 AC‘UBv’Y = R1Z2 @ R2Z27 R% = 2—7 R% = T’ (3'2)
z21 =21 +1ix9, 20 = T3+ 1Ty, wq ~ dxry Adro+ adrg Adry
with respect to standard Cartesian coordinates x1,...,z4 on R*. I use the standard basis
e1,...,es of R* to introduce generators A\; = Rie1, Ao = Riea, A\3 = Raes, Ay = Roey of
Ao g and view the vectors forming the dual basis A7,..., A} as generators of HY(A,7Z).

Hence H?(A,Z) is generated by

V) = XNEANS, v = ASANS, U) = ASANL, va = ATAN, 0 = ATANL, v = A5A N, (3.3)
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where the vg, v; obey <v2, v?) =0, (v, v) =0, (vk, vy) = 0. For later convenience let me
give the location of each 7, 3 3 ~ in the moduli space Mt of SCFTs associated to real
four-tori, along with two refined geometric interpretations:

Proposition 3.9
The SCFT 1,33 ~ of Definition B-§ has a refined geometric interpretation (QA, w Va By
B;‘B ) given by

0 0 0
Oy = spang(v] + v1, vy + v2),

A
wi = v + aus, Va

5 A B o B
4a Ba767ﬁl = —%U?) — —U3.

_ 22

Within MY this theory is given by the four-plane xﬁﬁ g~ C HeV" (A, R) with
A _ ~ 0 o
Ta,p,8,y = SPAlR <§1,§27§37§4) G=0) +v1, & = v)+ s,

+8 o, B0

vy, &4 =4+

& =19 +avs + U3 + Yuy,

where vY, vy denote generators of H°(A,Z) and H*(A,Z), respectively.

To8,8,~ has a “mirror dual” refined geometric interpretation (Qéﬂﬂw,wA,VA,BA)
with complex structure given by the product of two elliptic curves E, X E,, at the moduli
p1, p2 from Definition B.§, with normalized Kdihler form wa = —%(dzl A dz1 + dzo N dZ)
with respect to complex coordinates z; of E,; such that —%dzj N dZ; generates HZ(EPJ WAY
and with volume V4 =1 and B-field By = 0.

Proof:

That 7, 343 ~ has refined geometric interpretation (9?4, A yA By B 5 ﬁ/) follows directly
from the construction of 7, g g, and the given geometric interpretation of its factor theo-
ries. From Definition B.7 we see that xé 8.8 is generated by &1, &2 and

1
A A A A
53 = W, <UJ Ba56/>v4, 54 = ’Ug + Ba767ﬁ/ + <Va7ﬁ7'y — §<Ba,ﬁ,ﬁ” Ba’7676,>> (V)

One checks that &3 has the claimed form and 54 = 54 + 3 53
A “mirror dual” geometric interpretation of xa 8.8~ is obtained by using v° = vJ, v =
vy as generators of H(A,Z) and H*(A,Z) and letting

+7 pg-p

0
Vg, U
5 Vs ian 5

Qéﬂ,ﬁ’ﬂ = spanR(fg,&) = spang (Ug + avs + vs + ’YU4> (3.4)

specify the complex structure. It immediately follows that V4 = 1, By = 0 and wy =
U? + v1 in this geometric interpretation, in accord with the claim. It remains to show that
Qi 5.3, 8ives the claimed complex structure. Although this should follow from consistency
with the explanations given in section .3, as a reality check I include the detailed argument:

I show that the orthogonal complement of the kernel of the period map in H?(A,R)
has generators which with respect to standard generators vg, v3, v, vy of two copies of
a hyperbolic lattice H have precisely the form given in (B.4). Because by [pH, Theorem
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1.14.4] the embedding H & H — H?(A,Z) is unique up to automorphisms of H?(A,Z),
(B.4) actually determines the relative position of Qi 5,3~ With respect to H 2(A,Z), such
that the claim then follows from the Torelli Theorem B.§.

Since pp € PSLo(Z)\H and (1x,pr) ~ (—Tk,—pi) where 7, = —T for 7, = i by
Proposition R.3, T can work with the complex two-torus A obtained as product of two
elliptic curves with moduli

_BtvAa o _F+VA

1
— - - A =3 - day.
> % 2=~y 5 3% —dary

o1 =

Similarly to [B6, p. 265 ff] I have A = C?/L, where the lattice L C C? is generated by

)0 ()

With m!, ..., m* the basis dual to the one given by the Iy,

0 0. 0

U] = ml/\m?’7 V] 1= m4/\m27 vg 1= ml/\mQ7 V3 1= mg/\m4, Uy = m2/\m3, Vg 1= m' Am*

generate H?(A,Z). Then the period map is given by

Z det (lllj) mtAm = Ug + oovy + 0'11)2 — 0109V3.
1<J

The kernel of the period map hence is generated by
0 o B-8 0 B+

vy, V1, Us 2 Vg — QU3, Ui — YU4 — >

U3,

and the orthogonal complement of the kernel of the period map indeed is precisely the
two-plane Q4 5.5~ Of (B4). 0

By the above, 7, 5 5~ has a geometric interpretation on the torus A, g~ of (B.2) which in
terms of standard Cartesian coordinates x1,...,z4 of R* enjoys the symmetry

Ca: (21,22, 23,24) — (—22, 21, T4, —T3) (3.5)

of order four. According to (B.3), (4 leaves v + vy, v§ + vy, vg , and vz invariant and thus
induces a map on H®*(A,R) which by the description in Proposition B.g leaves invariant
the four-plane ﬂ:éﬁ,ﬁw C H®*"(A,R) giving 7,34 ~. This means that (4 induces an
automorphism of 7, g g 4, so that a Zy-orbifold of this theory can be constructed:

Definition 3.10
For o, 8, ', v € R as in Definition B.§ let Co g3~ denote the Zs-orbifold of the SCFT
7108, ~, where Zy is generated by the action induced by (4.

The theories C, g g~ of Definition are well understood and can be constructed ex-
plicitly without difficulty. E.g. by the results of [27] each of these theories is a SCFT
associated to K3 according to Definition B.J. The results of [B0, f7 allow me to describe
the four-plane z, 4, C H®"(X,R) which specifies this theory in terms of the lattice
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H®*"(X,7Z), using a refined geometric interpretation on the Z4-orbifold limit X, g, of K3
obtained by minimally resolving the singularities of A, g~/Z4, where again Z, is the group
generated by (4, and A, g, carries the Kahler and complex structure induced by (B-2).

Let me first introduce some notation which I need in order to describe this refined ge-
ometric interpretation: Let m: A, 3~ — X, g, denote the rational map obtained from
the orbifold procedure, and m.: H?(A,R)* — H?(X,R) the induced map on coho-
mology. Recall from [Bg, Bd, 4 the description of the lattice H?(X,Z) in terms of
7. H%(A,7)% and the exceptional divisors coming from the resolution of Ao /2y Con-
sider the action of the subgroup Zs of Z4 on A,g,. It has 16 fixed points, labeled
by an affine Fj over the field Fy with two elements 0, 1, where i = (i,...,i4) € F}
with i, € {0,1} corresponds to the fixed point at (z1,22,73,24) = 3>, ikA;. For our
Z4-orbifold we can use the same notation, where four of the fixed points listed in Fj,
namely those in I¥ := {(0000), (1100), (0011), (1111)}, are fixed under Z4;. The re-
maining twelve fixed points are paired to six fixed points under the Zy subgroup of Zy4,
where (i1,i2,13,14) ~ (i2,41,14,13). We denote by I® the set of these six fixed points, i.e.
1% = (F4 —1¥)/ ~.

From the resolution of singularities of type A; at the fixed points with labels i € ()
we obtain six lattice vectors E; € H2(X,Z), (E;, E;) = —2. On the other hand, each
i € I™ gives a singularity of type As, yielding three lattice vectors Ei(k), k e {1,2,3},
each. Their intersection matrix is the negative of the Cartan matrix of the Lie algebra
A3, while all pairwise scalar products between vectors associated to different fixed points
vanish. Moreover, all the Ei, Ej(k) are perpendicular to 7, H2(A, R)%

Proposition 3.11
With o, 3, B', v € R and notations as above and in particular as in Proposition B.9 consider
the Zy-orbifold SCFTs Co g g~ of Definition B.1(. o

Ca,3,8' has a refined geometric interpretation on Xo gy = Aa g/ Za given by (9%, wa,
Vagrys Bapp) as follows: With ©°, 0 generators of H°(X,Z) and H*(X,Z) such that
@0 0) = 1, the lattice T H?(A,R)24 N H?(X,Z) has generators 05 = w03, U3 = T4v3, Q,
Qg such that

<v§,ﬁ§> = (U3,v3) =0, <6§,63> 4, <§1,§1> = <§2,§2> =2, (61,§2> =0

and
0% = Q.0 — 0 habe. V 1 52
X = Spallg < 1 2) ’ Wo = U3 + avs, By = 4 v = B
B0 Dol B B 3 (A1), 2®) 1 05
Bapp = —g U3 = gUs+ 7Bs, By=— Z E; — Z 3 <EZ + E; ) + 2E,

ieI(2) ieI(®)

with primitive By € H*(X,Z). The four-plane describing Ca,p,8'  within ME3 s

~ ~ R + /A /
Ta,0,6,y = SPANR (Ql,ﬂz,ﬁg”ravwﬁfv, 4 - ﬂv3+B4+(7+4) >
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Ca,p,3 ~ has a “dual” refined geometric interpretation (Qfﬁ 3y WQs Vo, Bg) with primitive
wo € H*(X,7Z),

/ /
Q3 5,37, = spang (6?? + av3 + ﬂ 5 fs 0, 40° + £- ﬁ U3+ By + (v +4) >
1 1
<WQ,(4)Q> - 47 VQ = 5 BQ = —5(4)@.

The vectors 03, U3, 0°, U generate a primitive sublattice of H*(X,Z) with quadratic form
4h 0 1
,  where h= 0 .
0 h 10
Proof:

The claims about the lattice m.H?(A,R)%2 N H?(X,Z) follow from [p9, where QY% gives
the complex structure of X, g, see also B0, 7. Moreover, in [BQ], [, Theorem 3.3]
it is proved that Caﬁgl has a geometric interpretation (Qg(,ﬂ'* wi, iV By 47T*Baﬁ6, +
—B4) with w , VA o B and Ba 5, @ in Proposition B.9, from which the claims about the
first refined geometrlc interpretation are immediate. One checks (By, By) = —32. Using
Definition B.7 for Tqa,8,8,~ One thus finds generators

~ ~ / / 1. /
B, G oram+ S50 0= Lo Sour phr (-2 )
o o

which are seen to simplify to the form claimed.

To obtain the claimed “dual” refined geometric interpretation, for ¢ € I¥) let E’Z =
E\i(l) + 2@52) + 3@53) and recall from [67, Proposition 2.1] that the lattice H?(X,Z) in
particular contains the vectors

1~ 14 - _ _
3t T3 (E(O,O,O,O) + E,000 t Eo01) + E(OvLOJ)) ’
1~ 14 - _ _

592 -3 (E(o,o,o,o) + E1,000) + E(0,00,1) + E(I,O,O,l)) :

Hence also
1 /~ -
::—Q—Q)—
ve 2<1 2

Lo

(E(o 1,0,1) — E(l,o,o,l)) ;

(E(o 1,01) — E(1,0,0,1))

1
2
1
0
’UQ. 5

are lattice vectors, and one checks that they are null vectors obeying <U%,UQ> = 1. To
determine the corresponding refined geometric interpretation, one first finds

i
Ya,8,87 = Ta,pey 0 (VQ)

— ~ /
= spanp (Ql + Qo, @g f- ﬂ

ﬁ;ﬁ 40 +

U3+ By + (v +4) )
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Projection onto H2(X,R) = H®*"(X,R)N (vg)* N (’UQ) then shows that we can interpret

N + ,/\ /
Qaﬁﬁ’,’y —span<17g+avg+ﬁ2ﬁv, ﬁ 6U3+B4+('y+4) >CH2(X,R)

as specifying the complex structure of this geometric interpretation, while

~

wq =20 + E101) — E100.1)

gives the normalized Kahler form. The latter is indeed a primitive lattice vector with
(wg,wg) = 4. Moreover, 03, U3, 0°, 0 € H?(X,Z), such that the claim about the lat-
tice that these vectors generate is immediate from the above. Next notice that & :=

% (Ql — §2> obeys

Ta,8,6y = Sa,p,0y L (1), (€4,0Q) =1,

such that in this geometric interpretation our K3 surface has volume

= %(54,&) =3

Finally,
1

1/ ~ - .
Bg =8 — U% =3 <2Q2 + E0,1,01) — E(1,0,071)) = 3%

is perpendicular to both v%, vg and hence gives the B-field in this geometric interpretation.
g

4. The main claim and its geometric background

I have now provided all the necessary background material to present the main result of this
paper. I do so in section [L.1: The family Ca,3,8 ~ of SCFTs on K3, which is obtained by
means of an orbifold construction, is given a geometric interpretation on a smooth family
of smooth algebraic K3 surfaces. In this geometric interpretation, «, 3, #’, v give complex
structure parameters. This family of SCFTs on K3 hence is well under control both from
a conformal field theorist’s and from an algebraic geometer’s point of view. As such, it is
a first example of its kind.

Section [.1] also contains a first part of the proof of this claim. A geometric explanation
arises by extending a construction due to Inose. I therefore devote section .9 to a summary
of Inose’s work [pg]. Section [f. explains how my main result extends Inose’s construction,
using a specific (crude) version of mirror symmetry. As an implication, which allows for a
proof purely within geometry, I show how the natural metric on the Fermat quartic, i.e.
the Kéhler-Einstein metric in the class of the Fubini-Study metric on CP3, is related to an
orbifold limit of a metric on a Kummer surface. This description makes the former metric
accessible to numerical investigations following [F3]. I therefore find it interesting in its
own right and include the discussion in section 3.
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4.1 The main result

As explained in section B.J], the moduli space of SCFTs associated to Calabi-Yau 2-folds
is known, at least to a high degree of plausibility (the open problems were pointed out
there). Section B.d was devoted to the discussion of two families of examples, one in each
connected component of the moduli space associated to real four-tori and K3 surfaces,
respectively. However, further examples of such SCFTs where explicit constructions are
known are severely restricted: While all SCFTs associated to real four-tori are known,
along with their locations within M [R4, BT, the only known constructions of SCFTs
associated to K3 are orbifold constructions and the Gepner construction [B§, 9. For the
former, the locations within the moduli space have been worked out in [BQ, 7]. The latter
give about 50 discrete points in the moduli space known as Gepner or Gepner type models,
and for some examples the locations have been determined in [B(]. However, no direct
construction for SCFTs associated to smooth K3 surfaces is known, let alone for a family
of such surfaces. This is why I find the following result surprising:

Result 4.1
For a, B8, B, v € R as in Definition B.§, the SCFT Cq. g 3 ~ of Definition B.10 has a refined

geometric interpretation on the smooth quartic K3 surface

X(f1,f2):  fi(zo,x1) + fo(w2,23) =0 in CP?,

where f1, fo are homogeneous quartic polynomials such that the elliptic curves

Ep: yo=frlyr,y2) in CPayy
have periods p1, p2 € H with

_ —B+VA p2:—6’+\/Z

A=p3—4
20 2 7 —day

Pl

as in Definition B.8, thus defining an Abelian variety

A(fl,f2) = Ef1 X Ef2'

More precisely this refined geometric interpretation carries the natural complex and Kdhler
structure induced by X (f1, f2) < CP3, i.e. the normalized Kihler class is the class wrs
induced by the Fubini-Study metric on CP3, and the volume and B-field are Vpg =

1
Bps = —5wrs.

1
27

Section [ is devoted to the proof of this statement. However, at this stage I can already
prove the following weaker result which also gives some insight into the geometric origin of
the main claim:

Lemma 4.2

For a, 8, 3, v € R as in Definition B.§ consider the SCFT Ca,3,8 ~ of Definition
and its refined geometric interpretation (Qé{ﬁﬂw,wQ,VQ,BQ) of Proposition B.11. Then
the complex structure ngﬁﬁ,ﬁ agrees with the one of X(f1, f2) C CP? with X(f1, f2) as
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in Result 1. In fact this is true for any refined geometric interpretation (Q,w,V,B) of

X
Cap,8y with Q=073 54 .

Proof:
By Proposition B.1],

ﬁﬂ’

s OO s
Q5,57 = SPANR <@+av3+ 50, 40° + O3+ Byt (v +4)0

where 09, U3, 0%, U generate a primitive sublattice of H?(X,Z) with signature (2,2), and
B, e H?(X,7Z) is primitive with <B’4, B4> = —32. Setting 0] := 40" + B,+40 and 0y :=0
we obtain

B-p

/

Q75,9 = sbang (173 tads+ 2 ; s 3 + ’M) : (4.1)
where Y, U3, 03, U4 generate a primitive sublattice ['22 of H2 (X,Z). By the results
of Proposition this lattice is 22 = I'%2(4), the sum of two hyperbolic lattices
I'?? = H ® H with quadratic form rescaled by a factor of 4. By [f§, Theorem 1.14.4]
(see also [[f(, Corollary 2.10]), the embedding 22 g 2(X,7Z) is unique up to automor-
phisms of H?(X,Z). Hence (1) fixes the location of Qé{ﬁ,ﬁ’,v within H?(X,R) with respect
to H?(X,Z). By the Torelli Theorem B.5 this uniquely identifies the complex structure.

Similarly, I showed in Proposition B.9 that the complex structure of the Abelian variety
A(f1, f2) = Ey, x Ey, is given by the two-plane Qé,ﬁﬁ’,’y C H?(A,R) whose relative position
with respect to H2(A,Z) is specified by

+I _ Al
AT N IR

Qé,ﬁﬁ’ﬁ = spang <v§ + avsg + vg + 7v4> ,

where vg, v3, vg, vy generate a primitive sublattice I'*? ¢ H%(X,Z) with I'*? = H @ H

as above. In [fJ] Inose shows that A(fi, f2) and X(f1, f2) are isogeneous, namely the

Kummer surface constructed from A(fi, f2) is biholomorphic to a Zs-orbifold of X (fi, f2).

Using [, Lemma 5.7] in conjunction with [1, appendix §5] the complex structure of
X (f1, f2) is thus described by a two-plane in H?(X,R) which has precisely the same form

as QA4 8.8~ C H?(A,R) but with the quadratic form of T2 rescaled by a factor of 4. Since

['22 = T22(4), a comparison with ([L]]) completes the proof. 0

The above proof is in line with the main idea of [f7], where for every geometric G-orbifold
construction of K3 from a complex two-torus A the rational map mA — X = A/G
induced from the orbifold construction was studied. More precisely, the induced map
T H2(A,R)® — H?(X,R) was extended to the total even cohomology H¢'"(A,R)%.
The result [7, (4.1)] shows that the vectors 0, U used in the proof of the above Lemma [£.3,
see ([J), are the images of the vectors v°, v € H®*"(A, Z) under m, which in the geometric
interpretation (QA,w Vaﬁ’y’ aﬁ,,ﬁ/) of 7,33~ in Proposition B.9 on Ay~ generate
H°(A,7) and H*(A, 7).

The result of Lemma [£.9 is part of the claimed Result ... It seems to imply that the
“dual” refined geometric interpretation of C, g g ~ in Proposition is the desired one.
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Indeed, Lemma [.9 says that the complex structure of that refined geometric interpretation
is as wanted, and Proposition confirms that its Kahler structure, volume, and B-field
are in accord with the claim in Result f.]. One would hence like to show that wg in
Proposition is the Kahler class induced by the Fubini-Study metric of CP3. However,
lattice calculations alone cannot yield such a proof, and I cannot claim wg = wrg. The
necessary additional ingredients are explained in section p.J), and the proof is completed in
section f.2

The use of Inose’s work [@] gives a lead to understand the geometry underlying Re-
sult [i.1], which I shall follow on in section [i.3. Before doing so, let me put the statement of
the result into context. Namely, a main ingredient in the proof was the fact that all rele-
vant complex structures are given by two-planes QZ, 8.5 (Y =X or Y = A) which can be
specified in terms of lattices of signature (p,q) = (2,2), and that such lattices have unique
embeddings into H?(Y,Z) as primitive sublattices by Nikulin’s results [fg]. Here, p,q < 3 is
crucial; in fact, the two-planes Qay 5.3~ Are generated by lattice vectors iff o, 8, 3, v € Q,
i.e. for a dense subset of the parameter space. In other words, iff o, 3, §/, v € Q, then
A(f1, f2) and X (f1, f2) are attractive according to

Definition 4.3
A Calabi-Yau 2-fold Y with complex structure given by a two-plane Qy C H?(Y,R) which
is generated by lattice vectors in H*(Y,Z) is called ATTRACTIVE.

If X is an attractive K3 surface with complex structure given by Qx C H?(X,R), and
if the quadratic form of the lattice Qx NH?(X,Z) is 4Q o with Q o an even integral quadratic
form on that lattice, then X with this complex structure is called VERY ATTRACTIVE.

For the family A(fi,f2) = Ef, x Ey, of Abelian varieties with Ey, as in Result [L.1] we
see from (B.4) that for o, 3, v € Z and ' = 3 the quadratic form of Qgﬁﬁ, LN H?(A,7)

2«

simply is < 3 267 ) This form however changes dramatically as o, 3, 3, v vary in Q.

In the original mathematics literature, attractive Calabi-Yau 2-folds are called singular.
Since this word can be misleading, I follow Moore’s suggested terminology. In [9, g
Moore identifies such complex structures as attractor points for the dynamical systems
associated to extremal static spherically symmetric supersymmetric black holes, which
explains his terminology, see also [[2]. The “very attractive” terminology of Definition [£.3
is justified because Inose shows in [53, Theorem 1] that “very attractive” K3 surfaces are
the special attractive K3 surfaces of the form X (f1, f2). For the latter, the quadratic form
of Qx (1) N H?(X,7) is 4Q 4 where Q4 is the quadratic form of Qi) N H?(A, 7).
By the above the “very attractive” K3 surfaces are dense in the family X (f1, f2). This
statement makes sense even though it is known [[J] that the moduli space of complex
structures on K3 does not carry a Hausdorff topology: We are varying surfaces X (f1, f2)
in CP3, giving complex structures with a fixed polarization. In other words, in effect we
are varying “marked pairs” of complex and Kéhler structures (c.f. [[4, p. 335]), and their
moduli space is indeed Hausdorff [/4, Theorem VIII.12.3].

A note on rationality: A SCFT C,g g~ of Result is rational iff the underlying
toroidal SCFT 7, 34 ~ is rational. For the latter, equivalently the two tensor factors
giving SCFTs associated to elliptic curves are rational. A SCFT associated to an elliptic
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curve with geometric interpretation given by 7, p € H is rational iff there exists D € Q
such that 7, p € Q(v/—D) (see [EF). In our example the parameters 7, = i = 75 for the
two tensor factors are fixed, so 7, g 5 - and thereby C, g g, is rational iff pi, p2 € Q(i),
or equivalently o, 3, 3',vV/—A € Q. It is easy to find examples of a, 3, §',7 € Q such that
A = ?—4ay has v—A ¢ Q. In other words, by Proposition one finds examples of non-
rational SCFTs in MX3 that are described by a four-plane z, g 5, C H"°"(X,R) which
is generated by lattice vectors in H®V*"(X,Z). This contradicts one of the many beliefs
about the relation between rationality of SCFTs and the role of the lattice H*V"(X,Z) C
He" (X R).

4.2 Inose’s construction

To allow insight into the geometry underlying Result .1, let me briefly summarize Inose’s
work [pJ]. Choose two homogeneous polynomials fi, fo of degree 4 in two variables each.
I will assume that f1, fo are non-degenerate, i.e. that they do not have multiple roots. As
in Result [L.]] these polynomials define elliptic curves

Ej o yi=fr(yi,y2) in CPyi;

with moduli p;, ps € H, see section and [Al p1, p2 can always be brought into the form
used in Result .. The polynomials fi, fo also define a smooth quartic K3 surface

X(f1, fa) : fi(@o,z1) + fo(wg,23) =0 in  CP°.
Note that all the surfaces X (f1, f2) share the symplectic automorphism o given by
o: (20,1, T2, T3) = (=T, —T1, T2, T3). (4.2)

This automorphism generates a group (o) of order 2. Now let Y (f1, fo) denote the K3
surface obtained by blowing up the eight nodal singularities of X (f1, f2)/(c). On the
other hand let Km(Ey, x Ey,) denote the K3 surface obtained from the Abelian variety
A(f1, f2) = Ey, x Ey, by the Kummer construction. In other words, we represent Ey, x Ey,
as C?/~ with standard coordinates (z1,22) and 2zj, ~ 2 + 1 ~ 2 + pi, to obtain a natural
Zs action by multiplication by —1 on C2. Now Km(Ey, x Ey,) is obtained by blowing up
the sixteen nodal singularities of Et, x Ef,/Zo. Hiroshi Inose has discovered

Theorem 4.4 [53, Theorem 2]
The K3 surface Y (f1, fa) obtained from X(f1, f2)/{o) by minimally resolving all singu-
larities is canonically biholomorphic to the Kummer surface Km(A(f1, f2)) of the Abelian
variety A(fi, fo) = Ep, x Ey,.

The geometric situation found in [5J] is as follows: Denote the roots of f;(1,() = 0 by
C]l» € C where for later convenience I use indices j € F3 = {00,10,01,11}. The quartic
X(f1, f2) contains sixteen lines

Eji: {(wo, 21, 2,23) | 21 = (w0, w3 = (fw2} .
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Figure 2: The sixteen lines Ejk = ﬁ]ék in X(f1, fa)-
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Figure 3: The double Kummer pencil in Y (f1, f2).

The four lines EjOOa e ,Ejn intersect in the fixed point ﬁj = (1, C}, 0,0) of o, while the
four lines EOOk,...,EN?Hk intersect in the fixed point ék = (0,0,1,(,%) of o, forming a
constellation as depicted in figure fJ. Though the figure is note entirely suggestive, the
ﬁj,ék are the only intersection points of any two lines Elm- These lines are mapped
onto themselves under the linear automorphism o. In the resolved orbifold Y (f1, f2) they
therefore give rational curves FEj;, while the fixed points ﬁj, Gy, of o are blown up giving
eight exceptional rational curves F}j, G. Altogether Inose finds a double Kummer pencil in
Y (f1, f2) as shown in figure f|. Moreover, the sixteen rational curves Ejj. can be identified
with the sixteen irreducible components of the exceptional divisor in Km(Ey, x Ey,), while
the F}j, Gy, can be interpreted in terms of two-cycles of Ef, x Ey, = C?/~. Namely,

in HQ(X,Z) . Vi, ke F% : 2Fj + EjOO + Ele + EjOl + Ejll = Mo,

(4.3)
2Gy, + Eoor, + Eror + Eoir + Evir = Mag,

where My is the class of the image of the cycle z; = const. in Ey x Ef, = (CQ/N, while
the class M3y gives the image of the cycle zo = const.
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4.3 Inose’s construction extended?

In view of Inose’s geometric insights I can reformulate the Result .1 as follows: Since
by Proposition B.g each 7,33 ~ has a refined geometric interpretation on the Abelian
variety A(f1, f2), and Cq s ~ is claimed to have a refined geometric interpretation on
X(fi1, f2), the assertion amounts to the SCFTs Cy 8 ~, Za,3,3,y, and the ordinary Zo-
orbifold 7, 3 /%2 to provide an extension of Inose’s construction to the realm of Calabi-
Yau 2-folds with complexified Kéhler structures, in other words to the realm of SCFTs.
That such extensions should exist is in itself not surprising. However, surprisingly both
on X(f1,f2) and on A(f1, f2) the most natural Kéhler structures turn out to occur, the
ones arising from X (f1, fo) < CP3 and A(f1, f2) = C2?/ ~, respectively. In contrast, note
that every “very attractive” quartic (see Definition ft.g) is biholomorphic to some Kummer
surface; for instance Cj 00,1 has a geometric interpretation on the (very attractive) Fermat
quartic

Xrermat = X (fo, fo): xg+aj+25+23=0 in CP? (4.4)

by Result [.1] and (R.§) but nevertheless cannot be constructed from any toroidal model
by a Zs-orbifold procedure [B(, p. 123]. Furthermore, it is not obvious that in any
given extension of Inose’s picture all associated SCFTs can be constructed explicitly, let
alone by geometric orbifolds like the one yielding C, g5 ~ from 7, g 3 . To understand
why this is possible in the present case, note that assuming Result [i.1] it follows that
Topp ~/ 22 is also a Zo-orbifold of Co 5 .. For every CFT C, an orbifold C/G by a
solvable group G enjoys an action of G such that orbifolding C/G by G reproduces the
original CFT C [[[g, p. 126]. It follows that any extension of Inose’s construction to the
level of SCFTs must yield theories associated to X(f1, f2) which are obtained from theo-
ries associated to A(f1, f2) by an orbifold by a group of order 4, i.e. by a Zy x Zy or by
a Zg4-action on a family of toroidal SCFTs. Choosing the complexified Kéhler structure
wy = —% (dz1 A dzy + dza AdzZs) ,Va = 1,B4 = 0 of Proposition B.9 on A(f1, f2) ensures
that the associated SCFTs 7, g 5 - all enjoy an automorphism of order 4, namely the Z4-
symmetry which is induced by the geometric Zs-action (4 of (B.5) in the “mirror dual”
refined geometric interpretation of 7, g 3 4 on A, g as in (B-3) and with B-field B, s as
in Proposition B.§

In geometry, the reversal of an orbifold construction by another orbifold is of course
impossible. Indeed, if C is a CFT associated to some Calabi-Yau variety ¥ and G is a
solvable symmetry group of C which is induced by symplectic automorphisms of Y, then
C/G is a SCFT associated to YA/E}’ B9, 6], and the symmetry of type G which C/G enjoys
and which yields C back under orbifolding is not a geometric symmetry of YA/EY Such
symmetries are known as QUANTUM SYMMETRIES.

That the theories C, 4, in Result L1 are nevertheless obtained by a geometric
orbifold construction from the theories 7, 33 ~ is a consequence of the geometric re-
interpretation of 7, 343 ~ described in Proposition B.d. Indeed, one of the crucial ideas
from the early days of mirror symmetry is the observation that mirror symmetry is a
non-classical equivalence between SCF'Ts, which interchanges the roles of geometric and
quantum symmetries [R0]. With an appropriate version of mirror symmetry it should there-
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fore be possible to find a geometric interpretation of 7, g g /Zo which has a geometric
Za-symmetry that upon orbifolding yields C, g g ~. Because the ordinary Zs-orbifold of
a toroidal SCFT 7 descends to the Kummer construction in every refined geometric in-
terpretation of 7, we can equivalently expect to find a refined geometric interpretation
of 7, 3,4~ such that the total symmetry group of order 4 which upon orbifolding yields
Ca,8,3  acts geometrically. Result [L.] consequentially claims that this desired refined geo-
metric interpretation is the “mirror dual” of the one on A(fi, f2) with complexified Kéhler
structure (wa, V4, Ba), as given in Proposition B.9, and that this geometric action is the
standard action (B.5) of Zy.

It is indeed natural to view the two geometric interpretations (09 ,wﬁ, Va“}ﬁﬁ, Bi 3, ﬁ/)
and (Qéﬁﬂﬁf’ w4, Va, Ba) of Proposition B.9 as mirror duals: On the one hand, by the proof
of Proposition B.g exchanging these two geometric interpretations amounts to interchanging
the modular parameters 7, p, that specify the two tensor factor theories of 7, 3 g, which
are SCFTs associated to elliptic curves, where according to section a version of mirror
symmetry is given by U(rx, pr) = (pk, 7). On the other hand, according to Proposition B.9
the exchange of the two geometric interpretations of 7, g g, amounts to interchanging the
role of the two-planes Q% and Qi 8.5~ which xi 8.5 decomposes into, i.e. indeed to
interchanging complex and complexified Kahler structurﬂote furthermore that the Zy-
orbifold procedure yielding the K3 surface X, g~ = An /%4 from Ay, = R4/Aa,ﬁﬁ
of (B.2) can indeed be performed in terms of two consecutive Zy-orbifolds, the first one of
which is the Kummer construction.

I hope to have convinced the reader that Result -] does have a natural interpretation
as extension of Inose’s construction to the realm of SCFTs. However, in the above explana-
tion I have used a very crude version of mirror symmetry, which amounts to interchanging
the two-planes of a refined geometric interpretation of a SCF'T but does not address the
choice of null vectors as needed within any refined geometric interpretation according to
Definition B.§. Likewise, the notion of “quantum symmetries” was used in a slightly ob-
scure fashion without proper definition, and in particular without giving a procedure to
distinguish between “geometric” and “quantum” symmetries. Hence the above can only
serve as a motivation, not as a proof of Result [E.1].

On purely geometric grounds the above discussion naturally raises the question whether
Inose’s construction can be extended to the level of Kahler-Einstein metrics. More precisely,
the class of the most natural Kéhler structure on X (f1, f2) is the class wps € H?(X,Z) of
the Fubini-Study metric on CP3,

. 3
wrs(x) = %8510{; Z |£Cj|2 for x = (xg, x1, T2, x3) € CP3.
=0

By the Calabi-Yau theorem [[f6] there is a unique Kéhler-Einstein metric on X (fy, f2) with
Kéhler class wpg. Since wpg is invariant under o it descends to a class Wpg on Y (f1, f2).
The class Wpg in turn represents the orbifold limit of an Einstein metric on Y (f1, f2), which
assigns vanishing volume to all components of the exceptional divisor in the resolution of
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X (f1, f2)/(o): R R
Vi keF: (@rs, Fj) = (Wrs, Gg) =0 (4.5)

with ﬁj, @k denoting the Poincaré duals of F}, Gy, respectively (see figure B). One also
checks

(Fj, Mg) = (G, Mag) =0, (Fj, Maa) = (Gy, Mro) =1, (F}, > E)=(Gi,> E)=4
l€F} leF3
(4.6)
with E’l, l e IF% denoting the Poincaré duals of the rational curves Ej, and Z\/ZJ obtained as
Poincaré duals of the classes M; introduced in ([.3),

M; € HX(X,Z),  (M;,M;)=0, (M, M) =2,

see e.g. [BJ]. From what was said above one expects that it should be possible to express
Wrs in terms of the simpler geometry of the Kummer surface Km(Ey, x Ey,). Indeed, the
result is remarkably simple:”

Proposition 4.5 o
Let ©pg, Wkm represent the orbifold limits of Kdhler-Einstein metrics on X (f1, f2)/(0) =
Km(A(f1, f2)) induced by the Kdhler-FEinstein metric with class wrg of the Fubini-Study
metric on X (f1, f2), and wa, the class of the Euclidean metric on C% with A(f1, fo) =
C?/ ~, respectively. Then
Ors = Wi — 5 3 Br
i€F3

Proof:
The key to the proof is the use of the explicit identifications of cycles [FJ given in sec-

tion [L.9, along with a study of symplectic automorphisms of the Fermat quartic hypersur-
face Xrermat = X (fo, fo) of (f4). Indeed, one checks

Wkm = Mi2 + May,

and since Wk, Wrs € H?(Y,Z) do not change while f1, f2 vary, a proof of the claim for the
(o)-orbifold of the Fermat quartic Xpermat is sufficient. The group Ggermat of symplectic
automorphisms of Xgermat is well known. It is generated by phase symmetries

[no, ... ,ns]: (zo, ..., x3) — (i"x0,...,1"%x3) with ng € Z/47 and an = Omod 4
k
along with permutations v € Sy of the coordinates accompanied by phase symmetries

[no, - .., n3] as above such that ), ny = (1 — dety) mod 4. Since [1,...,1] acts trivially on
(C]P’s we find GFermat = Zi A S4/Z4.

"In @] a family of Ricci-flat Kéhler-Einstein metrics is determined numerically which by Proposition @
turns out to approach the one represented by @Wrs. In fact, the explicit form of Proposition arose as
a conjecture from a discussion with the authors Matthew Headrick and Toby Wiseman of , and I am

grateful to them for raising the relevant questions that led to this observation.
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The commutant of ¢ € Gpermat I Grermat gives the group Zi X Dy/74 with Zi as
before and generators r, s of Dy, which acts as the dihedral group of order 8:

T (330,331,332,333) — ($2,$3,$1,—$0),
si (wo,21,22,23) —> (21, —0, T2, T3).
Each element of this group Z3 x D4/Z,4 induces a symplectic automorphism on the orbifold

Y¥ermat Of XFermat by (o). However, 1 and o € Z3 x Dy /7, induce the trivial automorphism,
leaving us with the group Gkm = (Z2 X Z4) x Dy generated by t1100 := [1,3,0,0], t1000 :=

s, T2 :=1 08, 13 := [1,0,0,3] o 2, with notations as above. For later convenience note
n CP3/<0'> : t1100: (.%'0,.%'1,.%’2,1'3) — (Z.%'o, i.%'l,m'g,m'g),
tioo: (@0, ®1,w2,23) — (21, —T0,T2,23),
r2: (vo,21,22,23) +—— (@2, 3, T0,21),
r13: (w0, 21, 22,w3) ——  (—ix1, 0, 23,iT2).

Let us now investigate these automorphisms in the light of the interpretation of Ygermat
as Kummer surface as in Theorem [£.4. More precisely, I will determine the action on the
cycles Fj, Gy, E, j,k € F%, l e F%, introduced above. I will in particular be interested
in those cycles which are invariant under the entire group Gkm, since the class wrpg is
invariant under Grermat and hence the class Wpg which we wish to express in terms of
the Kummer geometry is Poincaré dual to a cycle which is invariant under Gky. All the
rational curves Fj, Gy, E; are uniquely determined by the positions of the fixed points
ﬁj, Gy, of 0. Because Gkm acts projectively linearly, it suffices to determine the action of
Gxm on these fixed points. To this end denote by € a primitive eighth root of unity such
that €2 = i. Then for the Fermat quartic we denote the roots C]l of the quartic polynomial

fo(1,{) =1+¢*=0by
C(l]O =5, C{I = =5, C{O = i€, ((l)l =

Consider the action of t1199. The fixed points Gk = (0,0,1 Ck) are invariant under this
automorphism, while it interchanges Foo with FH, and F10 with F01, respectively. In
other words, #1190 acts by a shift by (1100) on the index set F3 of the Ej. Slmllarly,
tlooo leaves the fixed points Gk = (0,0,1 (k,) invariant. It interchanges Foo with Fw, and
F01 with FH, respectively. In other words, t1909 acts by a shift by (1000) on the index
set IF4 of the E;. The action of 712 is most easily determined - it acts on the indices
I € F3 of the El by the ‘permutation (I1,12,13,ly) — (lg,l4,ll,l2) Finally, one checks
that 713 leaves Foo, F11, Goo, G11 invariant while interchanging Fm with Fm, and Gm
with Gm. In other words, r13 acts on the indices I € F3 of the E; by the permutation
(I1, 12,13, 14) — (I, 11,14, 13).

Translating into cohomology by means of the Poincaré duality we find a two-dimensio-
nal subspace of H%!(X,C)N H?(X,Z) which is invariant under all of Gk, with generators

~

leF}
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On the other hand, recall that for an algebraic K3 surface X with group G of symplectic
automorphisms the dimension of the G-invariant subspace (H!(X,C)N HQ(X,Z))G of
HYY(X,C)N H?(X,Z) can be determined by purely combinatorial methods [[[7]. Namely,
the group G induces an action on the total rational cohomology H*(X,Q) given by a
so-called Mathieu representation [[(], Theorem 1.4], which implies

. " 1
dimg H*(X,Q)% = u(G) := @l > ulord(g)),
geG
24
where for n e N: pu(n) = —————
n H (1—1—%)
pppr‘lgle,

[, Proposition 3.4]. Since G acts symplectically, we have
dimg H*(X,Q)¢ = dimg H*(X,R)¢ = dim¢ H*(X,C)C.
By the definition of symplectic automorphisms H*(X,C)¢ > H%(X,C) & H>°(X,C) @
H%%(X,C)® H*?(X,C), so
dimg (H'(X,C) N H2(X,R))" = u(G) — 4. (4.7)

For our group Gk, one checks

(1) + 27(2) + 36u(4)) = 2 (1 2 %6) _6.

By (B.7) this implies that H1(X, C)NH?(X,R) has only a two-dimensional G, invariant
subspace which hence is generated by @k, and E. Since the form Ops € HY(X,C) N

W(Grm) =

H?(X,R) is also invariant under Gk, we can make an ansatz
Wps = A (@Km + aE) = (J\//-Tu + My, + aE) .

Now ([£5) and ([£6) imply o = —%. Moreover, since Dpg is the image of a primitive
lattice vector wrg € H?(X,Z) in integral cohomology, Wps is a primitive lattice vector.
Since %E € H%*(X,Z) is primitive and <Z\/ZJ, E> = 0 with indecomposable Z\/ZJ spanning a
primitive sublattice of H?(X,Z) [BY], we find A = £2. Finally, A = 2 follows since Opg is
a Kahler class and all E; are effective, thus (Opg, El> > 0 for all [ € F3. O

The above proof shows that the action of Gk, on Fj, Gy, E; could be induced by the
group Gt

Fommer = F3 % Z3 = Gk of automorphisms that fix the orbifold singular metric

of a Kummer surface constructed from Ey, x Ey,, and which descend from automorphisms
of this variety [B0, Theorem 2.7]. Namely, see appendix [A] for a proof of the well-known
identification Ey, = C/Z®iZ which implies Ey, x Ey, = C?/ (Z* @ iZ*). Then elements of
F3 C Gy onmer act by shifts by half periods on C?/~, while Z3 C G,
(21,22) — (22,—21) and (21, 22) — (iz1, —iz2). Although it seems likely that indeed Gk =
Gﬁummer, note that we have only compared the actions on a sublattice of H'!(X,C) N
H?(X,Z) of rank 18, while for the Fermat quartic H*(X,C) N H?(X,Z) has maximal

rank 20. Hence we cannot conclude that the actions of the two groups agree. Luckily

is generated by

the observation that the actions agree on Fj, G}, E; has turned out to suffice to prove
Proposition [.3.
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5. Proof of the main result

In this section I complete the proof of the main Result [i.1] of this work. The proof consists
of three steps, the first one of which I have already taken in Lemma [f.3 where I proved
that for o, 3,3,y € R as in Definition B.§ the SCFT Ca,3,3 ~ of Definition allows a
geometric interpretation (Qgt(ﬁﬂﬁ/’ wQ, Vg, Bg) with Qiﬁﬁ'ﬁ/ the complex structure of the
quartic K3 surface X (f1, f2) C CP3 specified by a, 3, ', 7 as described in Result [i.]. As
a second step I show in section p.]] that Result [l.]] holds for one special member of the
family C, g g, namely for Ci0,1: This model agrees with the Gepner model (2)4, for
which indeed by a combination of results by Witten [BJ] and Aspinwall and Morrison [J
the claim follows. The third and final step of the proof, which I explain in section f.d, uses
the observation that the geometric interpretation of C, g g 4 in which I have already found
the desired complex structure by Lemma [, has complexified Kihler structure which
is independent of «, 3, #’, v. I identify the relevant deformations of C, 34~ induced by
varying a, 3, #, v and show that they are compatible with keeping the complexified Kahler
structure (wrs, Vis, Brs) which was found for (2)* in section .1 constant for the entire
family.

5.1 The Gepner model (2)*

This section is devoted to a detailed study of one special member of the family C, g 5 5 of
SCFTs introduced in Definition B.1(, namely the model C1,0,0,1 obtained from the toroidal
SCFET 7i00,1 on the standard torus A;o1 = R4/Z4 with vanishing B-field by the Z4-
orbifold procedure. As a first step, I rewrite this model in a form which is more familiar
to a certain class of string theorists:

Proposition 5.1 [B0, Theorem 3.5]
The Zs-orbifold CFT Cy0,01 of Definition agrees with the (2)* Gepner model.

For a brief primer on Gepner models and its building blocks, the minimal models, see
appendices [ and [d. Specifically the models that are relevant for Proposition [5.1] are
discussed in appendix . Proposition f.1] was conjectured in [R7] and a proof was given
in [Bd]. Tt is based on an explicit field theory calculation which in fact simplifies when one
uses the identifications discussed in appendix [0 The Gepner model (2)? agrees with the
SCFT associated to the elliptic curve R?/Z? with complex structure given by introducing
a complex coordinate z = x1 + ix9, where x1, x5 are the standard Cartesian coordinates on
R?, and with vanishing B-field. Though this identification is well-known [7g), appendix D.]]
recalls the explicit field identifications. I show in appendix D.9 how these identifications
imply that the “Gepner orbifold” (D-3), which gives (2)? ® (2)?/Z4 = (2)%, is induced by
the geometric Zs-action (B.§) on the four-torus A g1 = R*/Z* which underlies the toroidal
model (2)2 ® (2)2 = 7'1707071, showing 7'1707071/24 = (2)4

This construction also allows to explicitly identify some of the deformations of the
model (2)*, which will become useful below. Namely, in SCFT, integrable deformations
which preserve superconformal invariance are given in terms of fields of conformal di-
mensions h = h = 1 and with u(1)-charges (Q,Q) such that |Q| = [Q| = 1, since the
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superpartners of these fields are the integrable (h, k) = (1,1) marginal operators [f9]. For
example, (2)? possesses four such linearly independent fields, as can be seen from (B.J):

- 20 0 - _ &0 0
Viy =Pr991909@Prooiog, Yrpr = Pro 000 @ Prooro9,

where 14, ¢, denote the left- and the right handed Dirac fermions as in appendix D1,
and where I have used (D.I]). This is in accord with the dimension 4 of the moduli space
of SCFTs associated to elliptic curves as stated in Proposition P.4. In 71001 = (2)?® (2)2,
these fields also give deformations, where only

1) ._ &0 0 0 0
Vil = 9399490 ® Pioo199® Ppo00® Lo 000

2) 0 0 0 0 (5.1)
Vi = 900,00 © 90,00 ® Pioo402®@Piogios

are invariant under the action (D.3) which yields the Zs-orbifold (2)? ® (2)%/Z4 = (2)%. In
other words, Vf) and Vf) are the deformations that (2)# has in common with (2)? ® (2)?,
and we have

Proposition 5.2
The fields V(l), Vf) of (B.1) give deformations of the Gepner model (2)* = C1,00,1 which
in the geometric interpretation (Qg(, w1, V1,01, B1,0,0) of Proposition on the Z4-orbifold
X17071 = A17071/Z4 (wzth A17071 = R4/A17071, A17071 = RlZ2@RQZ2 as in (@), R1 = RQ = 1)
amount to deformations of the radii Ry, Ro of the torus A, g~ and of the B-field to B, g g
as in Proposition B.11].

For any refined geometric interpretation (Q,w,V, B) of the four-plane

~ = PN ~ | ~ ~ T K
21,0,0,1 = Spang (u1 = Qq, ug = o, ug = vg + U3, ug = 470 + By + 5v> e MK3

specifying C1.0,0,1 in ME3 as in Proposition B.11], the following holds: If Q gives the complex
structure of the Fermat quartic Xvermat = X (fo, fo) as in [&4), then

Q= Qf&o,l = spang (ug = 09 4 U3, ug = 40° + By + 50) ,

1 ~ ~
0% := spang <w — (w,B)v, v° + B + (V — §<B,B>> U) = spang <91, Qz) = 0%,

with v°, v generators of HY(X,7Z) and H*(X,7Z) in this geometric interpretation. Further-
more, the fields V(l)7 f) of (B1) give deformations which leave invariant the two-plane
Ug( that encodes the complexified Kdhler structure of this geometric interpretation.

Proof:

The statements about the interpretation of deformations in terms of the Z4-orbifold con-
struction follow from the above discussion, because solely the deformations listed are
compatible with the Zj-action. Note that the induced deformation of the four-plane
21,0,0,1 leaves the two-plane Qg( = spang <§1,§2) invariant, as this plane is shared by
all 2, g according to Proposition B.I1. Moreover, by the same proposition the lattice
Q = 10,0, N H"(X,Z) has rank four and is generated by the pairwise perpendicular
lattice vectors uq, us, ug, ug with

(uy,u1) =2 = (ug, uz), (us,u3z) = 8 = (ugq,uq).
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For the Fermat quartic Xpermas = X (fo, fo) with complex structure Qpemat € H?(X,R)
by B3] the quadratic form associated to Qpermat VH2(X, Z) (see Definition [.J) is diag(8, 8).
However, the only primitive sublattice of @ with this quadratic form is the one generated by
ug, ug. It follows that for every refined geometric interpretation (Q,w,V, B) of C1 9,1 with
Q = QFermat, the complex structure of the Fermat quartic, we must have Qpermat = Qf&o,l
as claimed and thus also 0% = Q% as claimed. Above I have already argued that the
deformations given by Vf), Vf) of (F.1) leave the plane Ug( invariant, completing the
proof. a

Note that the result of Proposition .9 does not imply that all refined geometric interpre-
tations of C1 00,1 with complex structure of the Fermat quartic agree: According to Defini-
tion B.6, such a refined geometric interpretation is given by a decomposition 21,001 =92 L0
into perpendicular oriented two-planes together with an appropriate choice of null vectors
0%, v which by Lemma B.7 allows to read off the data (w,V, B) from U. However, given
the decomposition x1,0,0,1 = QfO,O,l 1 0%, an infinity of pairs of null vectors obeying con-
ditions (1) and (2) of Definition B.§ exists. Therefore I will not be able to show that the
refined geometric interpretation of C, g on the quartic X(f1, f2) given in Lemma [L.9
and Proposition agrees with the one claimed to exist in Result .. The proof of
Result fi.1 does not require such an identification.

Proposition p.1 allows to study the model Ci,001 = (2)* from a different perspective,
namely as a model arising as orbifold of a certain Landau-Ginzburg model at criticality [Rd,
B1]. This viewpoint, taken from [Bd], implies (see also [B2, (74)])

Fact 5.3 [P§, BJ
The parameter space ME3 of SCFTs on K3 contains a subspace of the form

0%(2,19;R)/SO(2) x O(19) x O1(2,1;R)/SO(2) x O(1)

of SCFTs associated to quartic K3 surfaces in CP? with normalized Kdhler class w = wrsg,
the class of the Fubini-Study metric, and B-field B = bwrg for some b € R. It is the
space of models which arise as infrared fixed points of the renormalization group flow from
linear sigma models in CP3 according to [B3]. The first factor of this space accounts for the
choice of the complex structure of the quartic K3 surface, while the second factor captures
the parameters V€ R™ of the volume and b € R of the B-field.

Fizing the complex structure to that of the Fermat quartic Xpermat = X (fo, fo) of (E4)
and identifying any two equivalent SCFTs in the resulting space, one obtains a space

MEermat >~ g+ (2 1;Z)\OT(2, ;R)/SO(2) x O(1) = §%— {0}

of SCFTs associated to the Fermat quartic with normalized Kdhler class w = wpg and
B-field Bps = bwrg, b € R. It has two special points with non-trivial monodromy: There
is one point with monodromy of order 2 where the SCFT description is expected to break
down, while the second special point has monodromy of order 4 and gives the Gepner model
(2)*. The deformations of this model given by fields

3
no ni n2 n3 3 . J—
Qino,o;ino,o ® Qinl,O;inl,O ® (bing,o;ing,o ® Qing,O;ing,O with ni € {07 1’ 2}’ : :nl =4
=0
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amount to deformations of the defining polynomial of X (fo, fo) by monomials of the form
dxyxitan?ay®, 6 € C.

It is not hard to translate Fact p.J into the language of our moduli space, i.e. to combine
the results of [BJ] with those of [BJ]:

Corollary 5.4
The Gepner model (2)* has a refined geometric interpretation (Qpermat; Wrs, Vrs, Brs)
with Qpermat the complex structure of the Fermat quartic X (fo, fo) € CP3 of EA), wrs

the Kdhler class induced by the Fubini-Study metric in CP3, Vpg = L and Bpg = —%wpg.

2
Furthermore, the deformations Vf), Vf) of (B.1) give pure complex structure deformations

within the family
X(f1, f2): fi(@o,z1) + fo(wa,23) =0 in CP?,  fy(y1,y2) =y +v5 + Ok yiys, 6 €C

in this geometric interpretation.

Proof:

Using Definition B.6 and Lemma B.7 one finds that the family of SCFTs MFermat i given
by four-planes = Qpermat L Oyp C HV (X, R) with fixed complex structure Qpermat of
XFermat and complexified Kahler structure (wpg,V, B = bwpg), V € RT, b € R, i.e. with

Oy, = spang (WFS — 4bupg, ’U%S + bwrs + (V — 2b2) UFS) ,

where vl.g, vpg generate H%(X,Z) and H*(X,Z), respectively. It is convenient to intro-

%
T:=b+1 §€H,

and one finds that 7, 7/ € H corresponding to four-planes = Qpermat L Oy, and i

duce the complex parameter

QFermat L Oy specify the same SCFT iff 7 = y7' for some v € I'g(2)4, the normalizer
of T9(2) in PSLa(R) [0, §3]. In other words, M¥ermat of Fact f.d is given by [o(2), \H =
S? — {oo}. This space indeed has two special points with non-trivial stabilizer in T'g(2),
i.e. with non-trivial monodromy in M¥e™at  One of these points has monodromy of order
4, namely 7 = —% + %, which according to Fact gives the Gepner point. Hence (2)* has
refined geometric interpretation on the Fermat quartic with complexified Kahler structure
encoded in 0%7_%, amounting to V = %, B = —%WFS as claimed.

The claim about the deformations corresponding to Vf), Vf) of (b.]) follows directly

from Fact p.J together with the result of appendix [A] that in X (f1, f2) by appropriate
coordinate transformations the polynomials fi, fo can be brought into the form fi(y1,y2) =
Yt + s + 0p y2y3 with 6, € C. 0

As a compatibility check also note the following: By Proposition p.1l we can construct
the Gepner model (2)* in terms of an orbifold of the toroidal model 7; 1 which can be
carried out in two steps: With ¢ the “Gepner orbifold” of (D-3), 71,00.1/(:2) = (2)* by the
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discussion in appendix [D.3, and then (2)*/(:) = (2)4. This second orbifold has an “inverse”
obtained by the action

4 4
. ® q)lj — e%[(m1+m1)+(m2+m2)} ® q)lriLj,Sj;mj,Ej (5.2)
j=1

mMj,85;M ;5,85
j=1
on the fields of (2)1. Together with the identifications made in Fact [.J this action descends
to the automorphism o of ([l.2) which was used in Inose’s construction. In other words,
(2)4/(3) = (2)* = (2)2®(2)2/(:2) is indeed a lift of Inose’s construction to the SCFT level.

5.2 The proof

To complete the proof of Result [L.1] let me first take stock of what we have achieved so far.
By Corollary f.4 the claim is true for the special SCFT Cj ¢ 0.1 which agrees with the Gepner
model (2)* by Proposition f.1. By Proposition .2 this implies that for the four-plane
T1,0,0,1 € MK3 specifying this model within the moduli space, x1,0,01 = Qﬁw,l 1 Ugf with
Qﬁw,l = Qpermat (notations as in Propositions , @, and Corollary @) Moreover, the
variation of the parameters a, 8, ', v in Cqo 8,3, away from (a, 3,5',7v) = (1,0,0, 1) leave
the two-plane Ug( invariant, T, g g~ = ng(ﬁ,ﬁ”ﬂ/ 1 Ug(. Finally, by Lemma any refined
geometric interpretation of x, g g , using Qgi g3~ YO specify the complex structure gives
the complex structure of the quartic X (f1, f2) obtained from «, 3, 3, v as in Result 1.

Recall from the discussion at the end of section B.]] that a decomposition of a four-plane
z € M®3 into two oriented two-planes z = 2 L U with choice of ordering amounts to an
interpretation of the corresponding SCFT on K3 in terms of a generalized K3 structure.
Hence the above already shows that C, g, can be interpreted in terms of generalized
K3 structures in accord with the claim of Result [..1. However, the claim made there is
stronger in that it refers to a refined geometric interpretation rather than a generalized K3
structure. See also the end of section B.J] for a discussion of this distinction: It remains
to show that the null vectors v% g» Ups needed for the refined geometric interpretation of
C1,0,0,1 in terms of the Fermat quartic with normalized Kahler class wrg, volume Vpg = %,
and B-field Bps = —iwpg (Corollary f.4) are compatible with interpreting ng 53, I
Ta B8y = Q§ Bp~ - Ug( as two-plane yielding a complex structure for all admissible
a, 3, 3, 7. In other words, we need to show that ngﬁﬁ,ﬁ L U%S and ngﬁﬁ,ﬂ 1L vpg for
all admissible «, 3, £/, 7.

This follows by means of the identifications of deformations of C; o,0,1 that I have given
in section p.1: By Proposition p.2), the fields Vf) and Vf) of (b.1)) give the deformations of
71,0,0,1 into the four parameter family z, g g . On the other hand, by Corollary p.4 within
the refined geometric interpretation (Qpermat = Qfo,og,wFS, Vs, Brs) of C100,1 these
fields induce pure complex structure deformations of Xgermat = X (fo, fo) to X (f1, f2) with
fe(y1,y2) = vt +y3 + 0kyiy3, 0 € C. This amounts to vhg, vrg L Qi{ﬁﬁ,ﬂ as needed. 0O

The use of the results of [BJ] in the above proof ties this work to seminal insights from the
physics literature. However, one would hope to be able to find a proof completely within
the language of algebraic geometry instead of having to mix two viewpoints. A possible
strategy for such a proof involves a more detailed study of the model (2)* (see [D.9) and
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its two refined geometric interpretations induced from its two Zs-orbifold constructions:
One arising from the Kummer construction for the standard torus Ajg; = R* /Z4 with
vanishing B-field, (2)* = 71,00.1/Z2 = (2)? ® (2)?/(:?) with ¢ as in (D-3), and the other as
Zs-orbifold CFT arising from the extension of the orbifold construction X ( fﬁ/ (o) to
SCFT level, (2)* = (2)*/(5) with o, 5 as in ([{d), (59), respectively. One should find the
appropriate lattice automorphism of H¢V"(X,Z) which relates these two refined geometric
interpretations of the relevant four-plane T3y € MX3 o one another. Starting from the
Kummer construction the resulting normalized Kahler class in the geometric interpretation

~——

on X(f1, f2)/(o) needs to be characterized by its intersection numbers with all other two-
cycles in X ( fﬁ/ (o) (or otherwise) to show that it agrees with the class of the orbifold
limit of an Einstein metric descending from wrg on X (f1, f2) C CP3, the class induced by
the Fubini-Study metric on CP3. The result of Proposition [£.§ was obtained as a welcome
side effect of my quest for such a proof.

6. Discussion

This work aims to provide a self-contained description of how to construct SCFTs C, g g
associated to the smooth quartic K3 surfaces

X(f1,f2):  filzo, 1) + fa(wa,23) =0 in  CP? (6.1)

with normalized Kihler class wpg induced by the Fubini-Study metric on CP3, volume
V= %, and B-field B = —%wpg. The construction itself is simple, since C, g g, turns out
to be a standard Zg4-orbifold of a toroidal SCFT. I regard this as a virtue rather than a
disadvantage, since it implies that the family C, g4 , does not only lend itself to all field
theory techniques that are linked to the algebraic description through (B.1) but also that
the underlying vertex operator algebras are completely explicitly accessible. Furthermore
C1,0,0,1 agrees with the (2)4 Gepner model, such that the family C, g g can be viewed as
a deformation of that model. Altogether the four-parameter family C, g g~ is well under
control, both from a SCFT and an algebraic point of view, and as such it is the first known
example of its kind.

My construction can be viewed as a generalization to SCFT's of a classical construction
by Inose [f2] by employing a crude version of mirror symmetry. As a by-product, motivated
by discussions with M. Headrick and T. Wiseman, a characterization in terms of a Kummer
construction is obtained for the Kéahler class induced by the class of the Fubini Study metric
on an orbifold of, say, the Fermat quartic. This makes the Kéhler-Einstein metric in the
former class accessible to numerical approaches developed in [ One may hope that such
numerical approaches can be generalized to the level of SCFT to begin an analysis of as
yet unexplored SCFTs which have no orbifold description.

Rational SCFTs seem not to play a central role within the family C, g g . While not
all theories with «, 3, 3/, v € Q are rational, these are the parameter values at which the
corresponding quartic hypersurfaces (b.1]) are “very attractive”, i.e. they have maximal
Picard number. It would be interesting to know whether any particular intrinsic property
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of the underlying SCFTs distinguishes rational from non-rational values of a, 3, 3, 7.
After all, within M3 these theories are characterized by the fact that the four-plane
Ta 8,8,y C HV"(X,R) is generated by lattice vectors in H*V"(X,Z).

The proof for the main result of this work links my construction to Witten’s results
on gauged linear sigma models [Bd]. An independent proof would be desirable, but this
link could be of considerable use in applications: Although the relation between Landau-
Ginzburg models and SCFTs has been known for a long time [80, BI]|, this connection has
only rarely been put to use in SCF'T. Recent exceptions to this rule are novel techniques
to construct D-branes by using matrix factorizations, where by an unpublished result of
Kontsevich topological D-branes in Landau-Ginzburg models are classified in terms of
matrix factorizations [RJ] and therefore are expected to translate to boundary states in
SCFT [Bd-[4]. While for supersymmetric minimal models this correspondence is fully
confirmed and understood, for Gepner models a number of problems remain open. E.g. a
special class of matrix factorizations is expected to correspond to arbitrary permutation
branes , BY, [, @], but the full correspondence is not yet established. The family
Ca,8,8 ~ studied in the present work seems to provide a promising testing ground for these
methods: Its algebraic description is tailor made for a study in the language of Landau-
Ginzburg models, while its SCFT construction makes it accessible to all techniques provided
by representation theory. Moreover, since C, g 5 is a family of deformations of the Gepner
model (2)#, such a study would surpass known results. Very recently a step in this direction
has been carried out in [BJ]. There the model (2) ® (2) is investigated which can be viewed
as a Zg-orbifold of the Gepner model (2)2; note (2)? ® (2)2/Z4 = (2)*.

While a large part of the tool-set used for the proof of my main result relies on the
particularities of SCFTs associated to K3, above all on the high amount of supersymmetry
which these models enjoy, insights into techniques like matrix factorization or the chiral
de Rham complex as briefly mentioned in the Introduction can be hoped to generalize
to higher dimensions. Indeed, all these applications intrinsically use a description of the
relevant SCFTs in terms of N = (2,2) supersymmetry. In the geometric interpretation
of Cq 3,4, this corresponds to the fact that I explicitly determine a complex structure
for the underlying K3 surfaces. From this viewpoint the family C, g ~ is special solely
because we have several useful descriptions for it, not because its target space has complex
dimension 2, and it should be possible to take profit from these descriptions which can be
hoped to generalize to higher dimensions.
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A. Quartic representation of elliptic curves

Consider an elliptic curve in Weierstrafl form (R.6). To express this curve within CPs 1,
factorize the right hand side of (2.9),

3

3
y’t = H (z—¢&t) < (ty)’= tH(ﬂf —&t) ift#0.
i=1

i=1

Set yo = ty and with suitable «, 3, v, 6 € C let t = ay; + By2, * = yy1 + dy2 to obtain an
equation
Ep: yg=f(yr,y2) in CPayy

with f a homogeneous polynomial of degree 4.
As a helpful example consider the elliptic curve with period 7 = i. Its j-invariant is
well-known, j(i) = 1728, so its Weierstrafl form can be taken as

vt =x(x —t)(z + ).

Let € denote a primitive eighth root of unity, A € C such that A= = 24, and set ty =
Yo, t = My1 — €y2), * = —iX\(y1 + €y2) as above. This yields

o = A’ (y1 —ey2) i (y1 + ey2) (1 +1) (y1 +ieya) (1 — ) (y1 — ieye)
=yi+ys = folyi,p2).
In general for non-degenerate elliptic curves we can assume without loss of generality that
f has the form
Flyi,y2) = yi + 2ry73 + y3, R €C.
Indeed, one first finds «, 3, v, ¢ above such that f(y1,y2) = myi‘—l—?n’y%y%—i—ugy%: Assuming

afyd =1 with A := af, B := ad and inserting t = ay; + By2, * = Yy1 + dyz directly into
(-9) one needs to solve

0=B?A""+347" —27a (B"?A+3A) — 216bA>B™",
0=B2A""+347" —27a (B*A + 3A) — 216bA°B.

The matrix with coefficients «, 3, 7, 6 needs to be invertible, which implies B? # 1. Hence
we can divide by (B — B™1), and setting C' := B + B! the above system of equations is
equivalent to

D = 27aA?,
0= (14 D)C —216bA3,
0= (1-D)C?*—-216bA*C +4(1— D).
This system can be solved in terms of a quartic equation for D. Having brought f to the

form vy} + 2x"y3y3 + 1y5, where non-degeneracy implies vy, vy # 0, one merely needs to
rescale the yj, to obtain the desired form yi + 2ky3ys + v5.
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To determine under which circumstances two different values of k € C in f(y1,y2) =
Yt + 2ky2y2 + y3 yield the same elliptic curve first restrict to (k) > 0 by employing
(y1,y2) — (iy1,y2). For real k one can furthermore assume x > 0. By a similar calculation

to the above one finds that x and ' with non-negative imaginary parts yield the same

inti 3 /I _ k43 _ K43
elliptic curve iff k' = == or K = §=7.

is '\{z € C| 2z~ —z} where I' C PSLy(R) acts by Mdbius transforms and is generated
£+3
1-K"

In other words, a fundamental domain for
by Kk +— This transformation has order 3 and correctly identifies the three values
k € {£1,00} for which the elliptic curve degenerates. Its unique fixed point with non-
negative imaginary part is k = iv/3. The circle about x = 1 of radius 2 contains both
k = —1 and k = iv/3. Hence a fundamental domain for those x which yield non-degenerate
elliptic curves is bounded by the interval (—1,1) on the real axis together with the two
circle arcs |k & 1| = 2 between the real axis and & = iv/3. These latter two arcs are glued
together, while on (—1,1) we impose z ~ —z. Summarizing one obtains (P.7), as depicted
in figure [I.

B. Minimal models

Let me recall the construction of the N = (2,2) superconformal minimal models [8q—B9].
In fact we will only be concerned with the so-called A-series of minimal models, so by abuse
of notation I use (k) for k € N to denote the coset model

SU(2); @ U(1)2
U(1) k2, diag

at central charges

3k
k+2

B4, BT, 0, P1]. Following [P2, PJ] I use the most convenient description of the field content
of (k) in terms of a free boson ¢ and the parafermion model at level k found in [B§, P4:
Let ¢y, 1 € {1,...,k — 1} denote the Zj parafermion algebra, i.e.

c=¢=

e (z — w)—2ll//k (rpp (w) +---) ifl+1 <k,
Di(2) g (w) ~ S ez —w) 2R (Y p(w) + ) ifl+1" >k,
(z = w) K (14 g (z = w)?Tpp(w) + ) i L+1 =k,

where T}, is the Virasoro field of the parafermion model. I denote by §1ln,m the primary fields
of the parafermion theory, | € {0,...,k}, m,m € Z/2(k + 2)Z. In particular, ¢, = 58170.
The primary fields @, . (2,2) = ¢}, ((2) ® ¢k, ((Z) of the minimal model (k) can then
be expressed as follows:

for 1 € {0,...,k},m,m € Z/2(k +2)Z, 5,5€ Z/AZ, |+ m+s=1+m+5=0mod?2:

B sim5(2) = Emosmze me PR TIQmPE),
k+2 m 5
where [ := 5 Qm.,s = s iabt
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l

I use the same symbols @;, =~ to label the conformal families of these primary fields.

] denotes the representation built on the primary (I)fn,s;m,g with

More precisely, {fbl

m,s;m,s
respect to the bosonic subalgebra of the superconformal algebra. One finds the fusion rules

min (I+0',2k—1-1")
for (I)in,s;ﬁ,g(z?z) = wfn,s(z) ®wlﬁ,§(z) : {win,s} X [wfn’,s’] = Z |:¢£n+m’,s+s/] )
I=|1—1]

I=1+1'(2)

(B.1)
which enjoy the following Zj o symmetry:

(I)l

m,s;m,s

(2) — e M gl (2), (B.2)

The left-handed superconformal algebra is generated by

J(2) = 20p(z), GH(2) = =t ()PHD, G (2) = m iy (2)e PP,
& % Bk

and analogously on the right hand side, i.e. G and G~ belong to the same conformal
family [@8’2;0’0], where it should be kept in mind that @872;070 is primary only with respect

to the bosonic subalgebra of the superconformal algebra, as mentioned above. Moreover,
l

up to shifts by even integers, @y, s is the charge of @, = - with respect to the u(1) current

j of the superconformal algebra. All charges @ of primaries (I)fn,s;m,g obey |Q| < 1. One
has
l _ &k
q)m,s;m,g - (I)m+k+2,s+2;m+k+2,§+27
and moreover,
I(14+2)—m? &2
when [m—s| <l1: hl =—— 2 — 47
| < s 4(k +2) 8
gives the conformal dimensions hfm o hlm,g of <I>lm7 s7ms- Lhe above formula holds in general
up to shifts by integers. If neither (I)f”rL,S;mS nor (I)l&ik+2,s+2;m+k+2,§+2 lie in the regime where

the formula holds precisely, then one uses it for the representative with m — s =1 — 2, or,
if this does not exist, for the one with m —s =1+ 2, and adds 1 to the result [pg].

As mentioned above, (k) denotes the A-model at level k, i.e. this theory has primaries
(I)l

m.s:ms: where s = smod2. Fields with even s live in the Neveu-Schwarz sector, while

fields with odd s live in the Ramond sector. Moreover, fields with s — 5 = Omod4 are
bosonic, while those with s—s = 2mod 4 are fermionic. Equivalently and more conveniently,
a field is bosonic iff its left and right handed charges differ by an even integer. In particular,

1 — —
L s 00 (il o
mi,81;1M1,51 m2,52;MmMz2,52 m2,52;1M2,52 m1,81;M1,51°

For example, at level k = 2 one gets the following values for the conformal dimensions
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and charges (hlm s» @m,s) of the primary bosonic fields in the Neveu-Schwarz sector:

(B.3)
\l 07 07 17 17 27 27
m\ s=0 s=2 s=0 s = s=0 s=2
5 3 11
- (@‘1) (m)
o (3.1 11 11 31
4’ 2 4’2 4" 2 472
. 1.1 53
8 4 84
3 1
0 0,0 -, +1 =0 1,+1
D G oo
1 11 53
84 8 4
5 31 1 1 11 3 1
4’2 47 2 4’2 4 2
5 3 1 1
’ <§’Z> (@‘1)
1 3
4 1,+1 — -, +1
( i ) <270> <27 ) (070)
The character of the conformal family <I>m 7.5 1s given by
Xinsms('rl Z) = le s(TI Z) 'X%E(Flaz)a
z
Xms 7’ Z Zc4j+s m ®2m (k+2)(4j+s),2k(k+2) <TI7 m) ) (B4)

with 7/ € H, 2z € C, and where cé-,l €{0,...,k},j € Z/2kZ are the level k string functions
of SU(2)g, and O, p,a € Z/2bZ denote classical theta functions of level b € N 9, pg, BY).

All minimal models are invariant under simultaneous left and right handed spectral
flow, where the simple current @?’1;0’0 is the operator which generates the spectral flow on
the left. Hence the Neveu-Schwarz part of the partition function is given by

Zns(r2) =5 30 (M) 20 2)) (O ) X2 D))
I+m=0(2)

while the partition functions for the remaining sectors can be obtained from Zyg by means
of spectral flow.
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C. Gepner models

In the main body of this paper I study SCFTs which can be viewed as internal theories
of type ITA string theories. Gepner models [R§, Rd, P7| are heterotic string theories, which
are obtained from certain type IIA models by a trick called heterosis. However, by abuse
of terminology I instead call the internal parts of these type ITA theories Gepner models.
To construct these models one first forms the fermionic tensor product of a number of
N = (2,2) minimal models (k1),..., (k.) as discussed in appendix [, i.e. the NS and the R
sectors are tensorized separately to obtain (k1) ® - -+ ® (k). For the construction to work
one needs to ensure that the total central charge of this model is a multiple of 3,

3k
’2 =3D, DeN.

Our model (k1) ® --- ® (k) enjoys a cyclic symmetry Zjys induced by (B.J) with M =
lem{k; + 2,7 =1,...,r}. The symmetry is generated by

T

T

l; 27 (cgy) z(k +2) (mj+my;)
®q)mj75j§mj7§j e s H ® m;,85;mM;,8;5° (Cl)
Jj=1

J=1

The Gepner model (ky)--- (k,) is the orbifold of (k1) ® --- ® (k) by this symmetry. For
calculations it is useful to note that the Zj; invariant part of (k1) ® --- ® (k;) is given by
those NS states with integral left and right handed charges and those R states with integral
(half integral) left and right handed charges if D is even (odd). Moreover, the operator of
two-fold left handed spectral flow,

r
o 0
U:= ® q)2,2;0,0’
Jj=1

in this orbifold maps the sector twisted by (7 to the one twisted by CmH In other words,

(k1) -+« (k) is obtained from (k1) ® -+ ® (k,) by projecting onto those states with the
correct charges and then generating all remaining states by repeated action of the two-fold
left handed spectral flow U. This process is also known as GSO projection or as Gepner’s
[ method. Note that U has u(1) charge (—D), so that our condition D € N ensures that all
u(1) charges in a Gepner model are integral in the NS sector and integral or half integral
in the R sector. Moreover, (B.1]) shows that U is a simple current,

T T
lj _ L
® (I)mjysj§mj7§j - ® q)mj+273j+2§mj+27§j+2 : (C.2)
=1

J=1

Note that the bosonic fields in a Gepner model are precisely those fields whose left and
right handed charges differ by an even integer.
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The Gepner model (k1) --- (k,) enjoys many symmetries, in particular phase symme-

tries inherited from (B.9),
r
: L
for a; € Z, [a1,...,a.): ® D sy 5, (C.3)

j=1
i r 271 ( +m ) r 1
£ (esq) 2k, +2) 23 My Ty 3

el e P 57,55

j=1 j=1

As an example, to calculate the partition function of the Gepner model (2)? one uses the
characters as obtained from (B.4), which with y = €*>™* yield

(o +X8)(72) = 5 <, 22 D ontart, o)+ [P o z)) ,

’193(7'/, 0)

) Po(277, 2) +

(ng,o + X92,2)(7'/, z) =

1 I3(7. 0 Y4(7".0
o+ x22)(r2) = ( (7.0 (277 2) — Mmm,z)),
T 77 T
(X530 + x92)(7', 2) = <

(X%,o + X%,z)(T/, z) =

(X350 + X32) (7, 2) =

For the partition function of (2)? with some patience from this one obtains

4 4] 2

J3(7’,0)
n(t’)

d4(7',0)
n(t’)

193 (TI, Z)
n(t’)

do(7',0) '4

1
7@ ) =
NS (T 72) 2 n(T/)

D. The Gepner models (2)%, (2)*, and (2)*

D.1 The Gepner model (2)?

The partition function (C.4) of (2)? has the form (R.4) of the partition function of a toroidal
SCFT. Indeed, every N = (2,2) SCFT at central charges ¢ =¢ = 3D with D € N which is
invariant under spectral flow and only has integral u(1) charges in the NS sector with respect
to the u(1) currents of the left and right handed superconformal algebras is expected to



have a non-linear sigma model description on a Calabi-Yau manifold of complex dimension
D. Moreover, if for the Gepner model (k1) --- (k) one has r < D + 2, then this model is
expected to have a non-linear sigma model realization on the Calabi-Yau hypersurface

24k .
Z%Jrkl —|—---—|—ZD_|_2DJr2 =0 inCP um M,
T+ky 2 kpyg

where we set k41 = -+ = kpyo := 0 and M := lem{2 + k;,,i = 1,..., D + 2} [B§. This
claim has been considerably substantiated in [BJ], though here we will not go into details
of its precise meaning in the presence of quantum corrections. For small D, D € {1,2},
however, quantum corrections are not expected in the description of the relevant moduli
spaces, so that this claim can be made much more precise. Indeed, the Definitions P.J]
and together with the properties of Gepner models discussed in appendix [J ensure
that these models are associated to elliptic curves if D = 1 or a real four-torus or K3
surface if D = 2. Specifically for the Gepner model (2)? we hence expect a geometric

interpretation on the elliptic curve
Yo=vi+tys in CPyyy,

i.e. on an elliptic curve with modulus 7 = i by appendix [Al. In fact, (2)? agrees with the
toroidal SCFT at central charges ¢ = ¢ = 3 which is specified by the two moduli 7 = p = 1.
This claim is well established in the literature [f§. However, since I will need the explicit
identifications of fields in these two theories, let me sketch the proof.?

We wish to identify two N = (2,2) SCFTs at central charges ¢ = ¢ = 3, both of which
are invariant under spectral flow and contain only fields with integral u(1) charges in their
NS sectors. Moreover, one checks that for 7 = p = ¢ the partition function of the toroidal
theory, which can be obtained from (2.4), agrees with the one constructed for (2)? in (C-4).
It remains to be shown that (2)2 decomposes into the tensor product of the fermionic
theory at ¢ = ¢ = 1 describing a Dirac fermion, and a bosonic theory at ¢ = ¢ = 2 with two
further u(1) currents on each side, such that the relevant charge lattice is I'; ; as given in

(.H). To this end, one starts by using (B.3) to determine all fermionic holomorphic fields
1
2
realized by the operators of two-fold left-handed spectral flows. Hence taking u(1) charges

of (2)? with conformal weights (3,0). There are only two such linearly independent fields,

into account we readily identify

0 0 0 0
P = 5900 @ L2900 P = P290,0 @ L2200 (D.1)

Recall that these fields are simple currents, and by ([C.9) they indeed realize the OPE of a
Dirac fermion. Moreover, since the analogous simple currents exist on the right hand side,
(2)? splits into a tensor product of a bosonic theory B at central charges ¢ = ¢ = 2 with
the fermionic theory which describes the Dirac fermion. The superpartners of the ¢4 give
two further Hermitean conjugate u(1) currents on each side of the theory B,

N (] 0 0 0
J+ = P2.0,00 © PEa2:00 — PF2,2,0,0 @ P12,0,0,0 (D.2)

8The proof I gave together with W. Nahm in @, Theorem 3.2] unfortunately contains typos and a gap,
which I also wish to correct here. As we shall see, these mistakes do not influence any other results in that
publication.

,43,



such that the real and imaginary parts of v/2j+ obey (B.9), and similarly on the right-hand
side. Hence this theory indeed is a bosonic toroidal CFT, and it remains to determine its
charge lattice I'; ,. The primary fields of B are obtained as follows: Each orbit under the
action of 1, and its right handed analog on the NS sector of (2)? contributes one such
primary field, namely the one with lowest conformal weights in the orbit. Using (B.J)
we therefore find that the following fields contribute as left or right hand components of
primary fields in B, with notations as in (B.)):

Yoo @ oo, Va2 @Yo, Yoo ® Vi Vi ®Ul,,

1/’3,0 ® ¢8,2, 1/’3,2 ® 7/13,07 ¢92,0 ® ¢92,27 1/192,2 ® 1/192,07
Pro®@Plig, YLio®@Ulg, V3 ®Ulss, Yls, @y,
Pro@ Pz, VLig®@Ylae Y3, @iy, Yli, @Yl

Let us denote the u(1) currents of the two minimal model factors of (2)2 by j = %agp, Jj=
%&0’, respectively, such that j 4+ j/ = J = i:1)_4:. Then apart from the u(1)? @ u(1)?
current algebra generated by ji, 7. the theory B allows a further four-dimensional space

of holomorphic primaries at weight (1,0), generated by

. a0 0
J=7% Pi200® i

0 0 0 0 0 0 0 0
©30.00 ® P22:00 T 2.2:00 @ P2.0:000 P2,0:00® P22.00 T P22.0,0® P20.0,0:

and similarly for antiholomorphic fields of weights (0,1). Hence without loss of generality
we can assume that the lattice A generated by Aq, Ao in (@) contains vectors e; = ((1))
and ey = (Z) with a2 + b2 = 1.

On the other hand, using (B-]]) one finds that the eight primaries

1 1 1 1 1 1 1 1
P1010®P1 01,00 PLi02109Pron,00 Pro—32@P1032, Pligs2®Pro_30

1 1 1 1 1 1 1 1
P1o—1,0 9P 10,32 PLi01,0®@ P32 Pios2®@Pi0100 Pli0-32®Pig—1p

in BB together with the Virasoro fields generate all fields in B by means of the OPE. All the
eight primaries in the above list have the minimal non-zero conformal weights which occur
in B, h="h = 1. Denoting by A* the lattice generated by A}, A3 in (B-5), this means that
the lattice I'; , is generated by four vectors of the form

J5(A\=BA, —A-B\), %(X—BX, —A\—B)), T, %(X*,X*), M EA, A, AT € A,

where A* and \* are generators of the lattice A* with length 1. Together with ey, e5 € A,
and since A* is indeed the dual lattice of A when we identify R? 2 (R?)* by means of
the standard Euclidean scalar product, this implies that without loss of generality \* =
(é), A= (?) and \* = e, A = ey, Hence A = A* = 72, meaning T = p = i as claimed.

D.2 The Gepner models (2)4 and (2)*

By the above the fermionic tensor product 7301 = (2)? ® (2)? of two Gepner models
(2)? is the toroidal SCFT on a complex two-torus A; o1 = C?/~ which is the product of
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two elliptic curves with moduli 7 = p = ¢ each. On A; o and with respect to standard
coordinates (21, z2) of C? we have 23, ~ 2, +1 ~ 23, +1, and the theory 71,0,0,1 has vanishing
B-field. In the following we denote the left handed Dirac fermions of the two tensor factors
(2)% of T100.1 by ¥, 9%, respectively, and their superpartners by ji, j2.

The theory 77,,0,1 enjoys a natural symmetry of order 4, which is induced by the
geometric symmetry (z1,22) — (121, —i22) of Aj .1, or more precisely by

(Y, v3) — (Fivh, Fivd), (L, j3) — (Fijk, Fijd).

Given the identifications (D.1]) and (D.J) this means that in Gepner language on (2)? ® (2)?
we are using the symmetry

4 4
. L 278 (1 —m1 ) — (M3 —ms3))] lj
L ® (bmj73j§mj7§j —oer ® (pmj,sj;mjﬁj' (D'3)
Jj=1 Jj=1

Now recall our description of Gepner models as orbifolds in terms of the GSO projection by
Cur in (C)), where in our case M = 4. A field @) @ &) of (2)2®(2)?, with ®?) belonging
to the sector of the I*" tensor factor (2)? twisted by CZ’, is invariant under the above
symmetry iff b = bs. Again by our description of Gepner models this implies directly that
the above orbifold, which was induced by the standard geometric Z4-symmetry of 77 0,1,
gives the Gepner model (2)*. This was already shown in [B0, Theorem 3.5]. Moreover, we
also obtain directly the result [B0, Theorem 3.3] that the standard geometric Zg-orbifold of
T1.00.1, i-e. the orbifold by (2 above, yields the model (2)* which is obtained from (2)* by
means of the Zy-orbifold by [2,2,0, 0] with notations as in (C.3). In [B{], the proof that (2)*
agrees with the standard Zs-orbifold of 77 0,1 was given independently of the identification
of (2)2. Note that the above corrected field identification for (2)? now directly induces the
precise identification B0, (3.8)] for (2)%.

References

[1] D. Friedan and S.H. Shenker, The integrable analytic geometry of quantum string, |Phys. Lett

B 175 (1986) 237.

[2] W. Nahm, Quantum field theories in one and two dimensions, [Duke Math. J. 54 (1987) 579
[3] G.W. Moore and N. Seiberg, Polynomial equations for rational conformal field theories,

Lett. B 212 (1938) 451.

[4] G.W. Moore and N. Seiberg, Classical and quantum conformal field theory, [Commun. Math]

Phys. 123 (1989) 171.

[5] G. Segal, The definition of conformal field theory, in Differential geometrical methods in
theoretical physics (Como, 1987), vol. 250 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci.,
pp. 165-171, Kluwer Acad. Publ., Dordrecht 1988.

[6] M.R. Gaberdiel and P. Goddard, Aziomatic conformal field theory, |Commun. Math. Phys)

209 (2000) 549 |hep-th/9810019].

[7] G. Segal, The definition of conformal field theory, in Topology, geometry and quantum field
theory, vol. 308 of London Math. Soc. Lecture Note Ser., pp. 421-577, Cambridge University
Press, Cambridge 2004

,45,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB175%2C287
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB175%2C287
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=DUMJA%2C54%2C579
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB212%2C451
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB212%2C451
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C123%2C177
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C123%2C177
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C209%2C549
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C209%2C549
http://xxx.lanl.gov/abs/hep-th/9810019

8]

[9]

A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in
two-dimensional quantum field theory, |Nucl. Phys. B 241 (1984) 333.

P. Ginsparg, Some statistical mechanical models and conformal field theories, in Trieste
Superstrings 1989, (Trieste, Italy), pp. 130-196, Apr. 3—14, 1989.

S. Fubini and G. Veneziano, Level structure of dual resonance models, |[Nuovo Cim. A64

(1969) 811

Y. Nambu, Quark model and the factorization of the Veneziano model, in Proc. of the Int.
Conference on symmetries and quark models, R. Chand ed., Gordon Breach, NY, p. 269,
Wayne State University, 1969.

M. Green, J. Schwarz and E. Witten, Superstring theory I & II. Cambridge University Press,
1987.

J. Polchinski, String theory. Vols. I & II. Cambridge Monographs on Mathematical Physics,
Cambridge University Press, Cambridge, 1998.

P. Ramond, Dual theory for free fermions, |Phys. Rev. D 3 (1971) 2415,
A. Neveu and J. Schwarz, Quark model of dual pions, [Phys. Rev. D 4 (1971) 1109.

R. Borcherds, Vertex algebras, Kac-Moody algebras and the monster, Proc. Nat. Acad. Sci.
U.S.A. 83 (1986) 3068.

I. Frenkel, J. Lepowsky and A. Meurman, Vertex operator algebras and the monster, vol. 134
of Pure and Appl. Math. Academic Press, Boston, 1988.

W. Lerche, C. Vafa and N. Warner, Chiral rings in N = 2 superconformal theories,

Phys. B 324 (1939) 427

P. Candelas, X. De La Ossa, P. Green and L. Parkes, A pair of Calabi-Yau manifolds as an
ezactly soluble superconformal theory, [Nucl. Phys. B 359 (1991) 21|

B. Greene and M. Plesser, Duality in Calabi-Yau moduli space, [Nucl. Phys. B 338 (1990) 1.
K. Narain, New heterotic string theories in uncompactified dimensions < 10, |Phys. Lett. B

169 (1986) 41.

N. Seiberg, Observations on the moduli space of superconformal field theories,

303 (1988) 286

[25]

P. Aspinwall and D. Morrison, String theory on K3 surfaces, in Mirror symmetry II,
B. Greene and S. Yau eds., pp. 703-716, 1994, [hep—th/9404151].

A. Casher, F. Englert, H. Nicolai and A. Taormina, Consistent superstrings as solutions of
the d = 26 bosonic string theory, [Phys. Lett. B 162 (1985) 121

L. Dixon, J. Harvey, C. Vafa and E. Witten, Strings on orbifolds, [Nucl. Phys. B 261 (1985)

[ 6

[26]

L. Dixon, J. Harvey, C. Vafa and E. Witten, Strings on orbifolds II, |Nucl. Phys. B 274

(1986) 284.

[27]

[28]

T. Eguchi, H. Ooguri, A. Taormina and S.-K. Yang, Superconformal algebras and string
compactification on manifolds with SU(n) holonomy, |Nucl. Phys. B 315 (1989) 193,

D. Gepner, Ezactly solvable string compactifications on manifolds of SU(N) holonomy,

Lett. B 199 (1987) 380.

,46,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB241%2C333
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUCIA%2CA64%2C811
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUCIA%2CA64%2C811
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD3%2C2415
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD4%2C1109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB324%2C427
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB324%2C427
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB359%2C21
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB338%2C15
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB169%2C41
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB169%2C41
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB303%2C286
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB303%2C286
http://xxx.lanl.gov/abs/hep-th/9404151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB162%2C121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB261%2C678
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB261%2C678
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB274%2C285
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB274%2C285
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB315%2C193
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB199%2C380
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB199%2C380

[29]

[30]

[31]

[32]
[33]

[34]

[35]

D. Gepner, Space-time supersymmetry in compactified string theory and superconformal

models, |[Nucl. Phys. B 296 (1988) 751.

W. Nahm and K. Wendland, A hiker’s guide to K3 — aspects of N = (4,4) superconformal
field theory with central charge ¢ = 6, |[Commun. Math. Phys. 216 (2001) 85
[hep-th/9912067].

K. Wendland, Orbifold constructions of K3: a link between conformal field theory and
geometry, in Orbifolds in Mathematics and Physics, pp. 333-358, AMS series Contemporary
Mathematics, Providence R.I., 2002, [hep—th/0112004].

V. Nikulin, On Kummer surfaces, Math. USSR Isv. 9 (1975) 261.

E. Witten, Phases of N = 2 theories in two dimensions, |[Nucl. Phys. B 403 (1993) 159
lhep-th/9301049].

D. Huybrechts, Generalized Calabi-Yau structures, K3 surfaces, and B-fields, Internat. J.
Math. 16 (2005), no. 1, 13-36, [path.AG/0306162).

I. Brunner, R. Entin and C. Romelsberger, D-branes on T*/Zy and T-duality, JHEP 06

(1999) 014 [hep-th/9905079].

[36]

[37]

[38]

[39]

[40]

[41]

N.P. Warner, Supersymmetry in boundary integrable models, [Nucl. Phys. B 450 (1995) 663
[hep-th/9506064].

I. Brunner, M. Herbst, W. Lerche and B. Scheuner, Landau-Ginzburg realization of open
string TFT, hep-th/0305139.

A. Kapustin and Y. Li, D-branes in topological minimal models: the Landau-Ginzburg
approach, JHEP 07 (2004) 04 [hep-th/0306001].

S.K. Ashok, E. Dell’Aquila and D.-E. Diaconescu, Fractional branes in Landau-Ginzburg
orbifolds, |Adv. Theor. Math. Phys. 8 (2004) 461| [hep—th/040113§)].

M. Herbst, C.-I. Lazaroiu and W. Lerche, D-brane effective action and tachyon condensation
in topological minimal models, JHEP 03 (2005) 07§ [hep-th/0405134].

I. Brunner and M.R. Gaberdiel, Matriz factorisations and permutation branes, [JHEP O

(2005) 019 [hep-th/0503207.

[42]

[43]

B. Ezhuthachan, S. Govindarajan and T. Jayaraman, A quantum McKay correspondence for
fractional 2p-branes on LG orbifolds, UHEP 08 (2005) 05(] [hep-th/0504164].

I. Brunner and M.R. Gaberdiel, The matriz factorisations of the D-model, |J. Phys. A 38

(2005) 7901 [hep-th/0506204].

[44]

[45]

H. Enger, A. Recknagel and D. Roggenkamp, Permutation branes and linear matriz
factorisations, JHEP 01 (2006) 087 [hep—th/0508053].

F. Malikov, V. Schechtman and A. Vaintrob, Chiral de Rham complexz,

Phys. 204 (1999) 439 [math.AG/9803041].

[46]

[47]

[48]

L. Borisov and A. Libgober, Elliptic genera of toric varieties and applications to mirror
symmetry, Invent. Math. 140 (2000) 453.

V. Gorbounov and F. Malikov, Vertex algebras and the Landau-Ginzburg/Calabi-Yau
correspondence, Mosc. Math. J. 4 (2004), no. 3, 729 [math.AG/0308114].

G.W. Moore, Arithmetic and attractors, hep-th/9807087.

— 47 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB296%2C757
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C216%2C85
http://xxx.lanl.gov/abs/hep-th/9912067
http://xxx.lanl.gov/abs/hep-th/0112006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB403%2C159
http://xxx.lanl.gov/abs/hep-th/9301042
http://xxx.lanl.gov/abs/math.AG/0306162
http://jhep.sissa.it/stdsearch?paper=06%281999%29016
http://jhep.sissa.it/stdsearch?paper=06%281999%29016
http://xxx.lanl.gov/abs/hep-th/9905078
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB450%2C663
http://xxx.lanl.gov/abs/hep-th/9506064
http://xxx.lanl.gov/abs/hep-th/0305133
http://jhep.sissa.it/stdsearch?paper=07%282004%29045
http://xxx.lanl.gov/abs/hep-th/0306001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C8%2C461
http://xxx.lanl.gov/abs/hep-th/0401135
http://jhep.sissa.it/stdsearch?paper=03%282005%29078
http://xxx.lanl.gov/abs/hep-th/0405138
http://jhep.sissa.it/stdsearch?paper=07%282005%29012
http://jhep.sissa.it/stdsearch?paper=07%282005%29012
http://xxx.lanl.gov/abs/hep-th/0503207
http://jhep.sissa.it/stdsearch?paper=08%282005%29050
http://xxx.lanl.gov/abs/hep-th/0504164
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA38%2C7901
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA38%2C7901
http://xxx.lanl.gov/abs/hep-th/0506208
http://jhep.sissa.it/stdsearch?paper=01%282006%29087
http://xxx.lanl.gov/abs/hep-th/0508053
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C204%2C439
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C204%2C439
http://xxx.lanl.gov/abs/math.AG/9803041
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C140%2C453
http://xxx.lanl.gov/abs/math.AG/0308114
http://xxx.lanl.gov/abs/hep-th/9807087

[49]
[50]

[51]

G.W. Moore, Attractors and arithmetic, hep-th/9807056.

K. Wendland, On superconformal field theories associated to very attractive quartics, to
appear in the proceedings of the Les Houches session Frontiers in Number Theory, Physics
and Geometry, hep-th/0307066|.

N. Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281
[rath.DG/0209099].

H. Inose, On certain Kummer surfaces which can be realized as non-singular quartic surfaces
in P3, J. Fac. Sci. Univ. Tokyo Sec. IA 23 (1976) 545.

M. Headrick and T. Wiseman, Numerical Ricci-flat metrics on K3, |Class. and Quant. Grav)

22 (2005) 4931 [hep-th/0506129].

[58]

[59]

R. Dijkgraaf, E. Verlinde and H. Verlinde, On moduli spaces of conformal field theories with
¢ > 1, in Perspectives in String Theory, Copenhagen, October, 12 - 16, 1987, pp. 117-137.

A. Knapp, FElliptic curves. Mathematical Notes, Princeton University Press, 1992.

A. Sevrin, W. Troost and A. Van Proeyen, Superconformal algebras in two-dimensions with
N =4, |Phys. Lett. B 208 (1988) 441

G. Hohn, Kompleze elliptische Geschlechter und S* dquivalente Kobordismustheorie, Diploma
thesis, Rheinische Friedrich-Wilhelms Universitat, Bonn, und Valendar, 1991
http://baby.mathematik.uni-freiburg.de/papers/diplom.ps.g7.

K. Wendland, Moduli spaces of unitary conformal field theories. PhD thesis, University of
Bonn 2000.

S. Cecotti, N = 2 supergravity, type-1IB superstrings and algebraic geometry,

Math. Phys. 131 (1990) 517

[60]

[61]

[62]

[63]

[64]

V. Kulikov, Surjectivity of the period mapping for K3 surfaces, Uspehi Mat. Nauk 32 (1977),
no. 4(196), 257.

A. Todorov, Applications of the Kdhler-Einstein-Calabi-Yau metric to moduli of K3 surfaces,
lInvent. Math. 61 (1980) 251.

E. Looijenga, A Torelli theorem for Kihler-Einstein K3 surfaces, vol. 894 of Lecture Notes in
Math., pp. 107-112, Springer, Berlin, 1981.

Y. Siu, A simple proof of the surjectivity of the period map of K3 surfaces, Manuscripta
Math. 35 (1981), no. 3, 311.

Y. Namikawa, Surjectivity of period map for K3 surfaces, in Classification of algebraic and
analytic manifolds (Katata, 1982), vol. 39 of Progr. Math., pp. 379-397, Birkh&duser Boston,
Boston, MA, 1983.

V. Nikulin, Integral symmetric bilinear forms and some of their applications, Math. USSR
Isv. 14 (1980) 103.

T. Shioda and N. Mitani, Singular abelian surfaces and binary quadratic forms, in
Classification of Algebraic Varieties and Compact Complex Manifolds, A. Dold and
B. Eckmann eds., pp. 259-287, Lecture Notes in Math. 412 1974.

K. Wendland, Consistency of orbifold conformal field theories on K3, |Adv. Theor. Math)

Phys. 5 (2002) 429 [hep-th/0010281].

,48,


http://xxx.lanl.gov/abs/hep-th/9807056
http://xxx.lanl.gov/abs/hep-th/0307066
http://xxx.lanl.gov/abs/math.DG/0209099
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C22%2C4931
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C22%2C4931
http://xxx.lanl.gov/abs/hep-th/0506129
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB208%2C447
http://baby.mathematik.uni-freiburg.de/papers/diplom.ps.gz
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C131%2C517
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C131%2C517
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C61%2C251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C5%2C429
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C5%2C429
http://xxx.lanl.gov/abs/hep-th/0010281

[68]
[69]

[70]
[71]

[72]

[73]

[74]

[75]

[76]

[77]

J. Bertin, Réseaux de Kummer et surfaces K3, |Invent. Math. 93 (1988) 267.

T. Shioda and H. Inose, On singular K3 surfaces, in Complex analysis and algebraic
geometry, W. Bailey and T. Shioda eds., pp. 119-136, Cambridge Univ. Press, 1977.

D. Morrison, On K3 surfaces with large Picard number, [nvent. Math. 75 (1984) 10d.

I. Pjateckii-Sapiro and L.R. Safarevi¢, Torelli’s theorem for algebraic surfaces of type K3, Izv.
Akad. Nauk SSSR Ser. Mat. 35 (1971) 530.

G.W. Moore, Les Houches lectures on strings and arithmetic, to appear in the proceedings of

the Les Houches session Frontiers in number theory, physics and geometry, hep—th/040104d.

M. Atiyah, On analytic surfaces with double points, Proc. Roy. Soc. London Ser. A 247
(1958) 237.

W. Barth, K. Hulek, C. Peters and A. Van de Ven, Compact complex surfaces,
Springer-Verlag, Berlin Heidelberg, Second enlarged ed., 2004.

P. Ginsparg, Applied conformal field theory, in Lectures given at the Les Houches Summer
School in Theoretical Physics 1988, Les Houches, France, pp. 1-168, June 28 - Aug. 5, 1988.

S. Yau, On the Ricci curvature of a compact Kahler manifold and the complex
Monge-Ampére equation, I, Comm. Appl. Math. 31 (1978) 339.

S. Mukai, Finite groups of automorphisms of K3 surfaces and the Mathieu group,

Math. 94 (1988) 183.

[78]

[79]

[80]
[81]

E.J. Chun, J. Lauer and H.P. Nilles, Equivalence of Zn orbifolds and Landau-Ginzburg
models, [Int. J. Mod. Phys. A 7 (1992) 2174

L. Dixon, Some world-sheet properties of superstring compactifications, on orbifolds and
otherwise, in Lectures given at the 1987 ICTP Summer Workshop in High Energy Physics
and Cosmology, Trieste, June 29 - August 7, 1987.

E.J. Martinec, Algebraic geometry and effective lagrangians, |[Phys. Lett. B 217 (1989) 431.

C. Vafa and N.P. Warner, Catastrophes and the classification of conformal theories,

Lett. B 218 (1989) 51.

P.S. Aspinwall, K3 surfaces and string duality, in Fields, strings and duality (Boulder, CO,
1996), pp. 421-540, World Sci. Publishing, River Edge, NJ, 1997 [hep-th/9611137).

D. Eisenbud, Homological algebra on a complete intersection, with an application to group
representations, Trans. Amer. Math. Soc. 260 (1980), no. 1, 35.

A. Recknagel, Permutation branes, JHEP 04 (2003) 041 [hep-th/0208119].

E. Dell’Aquila, D-branes in toroidal orbifolds and mirror symmetry, [hep-th/0512051]).

W. Boucher, D. Friedan and A. Kent, Determinant formulae and unitarity for the N = 2
superconformal algebras in two-dimensions or exact results on string compactification,

Lett. B 172 (1936) 314.

[87]

[88]

P. Di Vecchia, J.L. Petersen, M. Yu and H.B. Zheng, Explicit construction of unitary
representations of the N = 2 superconformal algebra, [Phys. Lett. B 174 (1986) 280

A .B. Zamolodchikov and V.A. Fateev, Disorder fields in two-dimensional conformal quantum
field theory and N = 2 extended supersymmetry, [Sov. Phys. JETP 63 (1986) 913.

,49,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C93%2C267
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C75%2C105
http://xxx.lanl.gov/abs/hep-th/0401049
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C94%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=INVMB%2C94%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA7%2C2175
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB217%2C431
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB218%2C51
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB218%2C51
http://xxx.lanl.gov/abs/hep-th/9611137
http://jhep.sissa.it/stdsearch?paper=04%282003%29041
http://xxx.lanl.gov/abs/hep-th/0208119
http://xxx.lanl.gov/abs/hep-th/0512051
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB172%2C316
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB172%2C316
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB174%2C280
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C63%2C913

[89] Z. Qiu, Modular invariant partition functions for N = 2 superconformal field theories,

Lett. B 198 (1987) 491.

[90] Y. Kazama and H. Suzuki, Characterization of N = 2 superconformal models generated by
coset space method, |Phys. Lett. B 216 (1989) 119.

[91] Y. Kazama and H. Suzuki, New N = 2 superconformal field theories and superstring
compactification, [Nucl. Phys. B 321 (1989) 232,

[92] J. Distler and B.R. Greene, Some exact results on the superpotential from Calabi- Yau
compactifications, [Nucl. Phys. B 309 (1988) 295,

[93] J. Fuchs, A. Klemm and M. Schmidt, Orbifolds by cyclic permutations in Gepner type
superstrings and in the corresponding Calabi- Yau manifolds, Ann. Physics 214 (1992) 221.

[94] D. Gepner and Z. Qiu, Modular invariant partition functions for parafermionic field theories,
[Nucl. Phys. B 285 (1987) 423.

[95] M. Terhoeven, Gepner Modelle und W-Algebren, Diploma thesis, Rheinische
Friedrich-Wilhelms Universitdt, Bonn, 1992.

[96] F. Ravanini and S.-K. Yang, Modular invariance in N = 2 superconformal field theories,
[Phys. Lett. B 195 (1987) 209.

[97] B.R. Greene, C. Vafa and N.P. Warner, Calabi- Yau manifolds and renormalization group
flows, [Nucl. Phys. B 324 (1989) 371.

,50,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB198%2C497
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB198%2C497
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB216%2C112
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB321%2C232
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB309%2C295
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB285%2C423
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB195%2C202
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB324%2C371

